PH461/PH561 Fall 2007

Problem Set #7

Solutions

1. The Legendre polynomials can be obtained from the generating function
G(zh)= L-2zh +h2) 2= TP, ()n"
n=0

Use the generating function to find the first six Legendre polynomials (n = 0 to
n=>5).

The expansion of the generating function in powers of h is

= 1H;<“>G
Glz,h)=H — h"
(Z ) nzon! dh™ E:o

so we can make the identification,
_ 1 (n)G
Pole)= n! Fdh® E—o |

We will need the first five derivatives of the generating function:

G®(z,h)=G = (1-2zh +h?) 2
G(l)(z,h)z (z - h)[(ll— 27h + h2)—3/2
G®(zn)=-(L-22h+n?) 2243z ~n} fi- 220 +n?) 52
G®(zh)=-9(z - h)E(l— 2zh + hz)"5/2 +15(z -h)’ [(1_ 27h + hz)—7/z
G¥(z,h)= 9(1— 2zh + hz)‘5’2 ~90(z -h)y E(l— o7h + h2)—7/2
+105(z - h)* [(1_ 27h + h2)—9/2
G® (z,h)=225(z - h) - 2zh + h?)~7/2 = 1050 (z - h) CfL - 2z + h? )"
+945(z - h} L - 22h + h2)212
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Now, evaluate at h = 0 to get the Legendre polynomials:
P (z)=G(z,0)=1

P.z)= %G(l)(z,0)= .
P,(2)=5.6?(z.0)=

(3z2 —1)

—97+152° )= 2 (62° -32
( )= 2" -32)

Ol N

P.(2)=36(2.0)=
P,(2)= %G(“) (z.0)= 2—14(10524 - 9027 +9)= %(3524 ~3022 +3)

Ps(z)= ée(“ (z,0)= $(94525 -1050z° +2252)= %(6325 -702° +15z)
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2. RHB Problem 17.9.

The first step is to find the normalized eigenfunctions, i.e. the functions yn(x) that

2
satisfy the eigenvalue equation Ly, = dd yzn
X

+ Ky, =A,y,. Re-writing, we see that the
differential equation is the homogeneous simple harmonic oscillator equation:

d?y

dx — (K A )yn =0.
The general solution is

yn(x) = AsinyK=A,X + BcoSs K=A,X

The boundary condition y,(0)= 0 implies B =0.
The boundary condition y, ()= 0 implies ./k =A, =n where n is an integer.

Thus y, (x)=Asinnx .
Tt
To normalize, use the definite integral J’sinznx dx = 1—2T:

/12
EVE(X)yn(X) dx = A2 jsinznx dx = Azgz 10 A= %Q

and the normalized eigenfunctions are yn(x = Q sinnx
. . d?y,
We will also need the eigenvalues A, such that Ly, =—=% + Ky, = A.y,.

dzynz_ 2

But, since o n’y, wehave Ly, =(K—n2)yn O A,=k-nZ?.

The Green’s function is therefore

o)=F 1 i) = LB s

0

The solution to the inhomogeneous equation can now be obtained from the Green’s
function:

y(x) = J’G(x z)f(z)dz—EgHz(m) J/’zsmnzdz + J’(n z)smnzdzg

/2
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The integrals are

/2 n-=

[ zsinnzdz = —[smu ~ ucosuduly™? =i2a 1) E if n is odd,
0
=0ifnis even.

J’(n z)smnzdz == J’usm[n(n u)]du = nj'zusmnudu -—(—1) 2

/2 /2

sinnx n-1
Ths, y(x) = Qi;[@zmdm (1) .
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3. RHB Problem 17.10, parts (a) and (c)
(a)

The eigenvalue equation is d” y” =

= A, Y,. The general solution is
yn(x) Asin,/=A, X + BcoS.—=A,X
The boundary conditions give B=0 and -\, =n (ninteger). The normalization is
m m /2
u] 2 fain? 2 T
X X)dx = A fsin‘nxdx = A“—=1 [O A=
[r8e)ss 6o = A7 | 2 A

so that the normalized eigenfunction is

/2
yn(X) = gg sinnx witheigenvalue A, = -n?.
atg

The Green’s function is

G(x,z) = i )\i A (x)y D(z)=—E{%§§ nizsinnx Gsinnz
n=0 n=0
() o ] E@E’[/Z
Gix.z) = ) a, sinnx
n=0 ared
HIZZ (Z—T[ H/Zn ( —T[)
a, = & J‘smnx A L % Ismnx EA AL
atg o y ot < y

The integrals are:

nrcosnTt

2

I
J’sin nx kdx = -
i n

}sin nx X dx = izli[sin nz — nzcos nz]
n

}sin nxdx = % E[cosnn— cosn z]
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I8
ar

/2
1 . O
E'[ O —EEB"IT[cosnn—smnz+nzcosnz+nzcosnn—nzcosnzH
O oo

2

/2
= - &H E-Iil]sinnz
and n

Thus, G(x,z) =3 a, é%g sinnx = - EZ %E‘ain nxsinnz.

n=0 n
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4. RHB Problem 17.13.

The given operator is defined by Ly = x2y" + 2xy' + %y where 1< x < e.

Make the change of variables x = expt t =Inx and note that g—t 1. =et.
X

X
The derivatives are

2 ng
d_y =d_y$ :d_ye_t and _d y = i y e_t H@_t = e_2t y _ d_yH
dx dtdx dt dx? dtgdt O Hdt2  dt H

The eigenvalue equation Ly = x2y" + 2xy' + %y = Ay becomes

g e B

d’y ,dy . AL _,H -
dt2+dt+E47A@_o

This is the equation of motion for a damped harmonic oscillator. The general solution is

y(t) = e™®[csinbt + d cosht]

| =
The boundary conditions give: 0 d=0
0 O b=nm n=123,..

y(x=1) = y(t=0)
(x=e)=y(=1)

Substituting y(t) = ce " sinbt into the eigenvalue equation and canceling ce ™ gives

a®sinbt — 2abcosbt — b?sinbt — asinbt + bcosbt + E‘% - )\Esinbt =0

h2-b% - a+ - abhinbt + b(1 - 2a)cosbt = 0
0 4 0

Setting the coefficient of the cosine term equal to zero, we have a =1/2. Then
substituting for a in the coefficient of the sine term and setting it equal to zero we get the

eigenvalue, A = - b% = - (nm)*.

The eigenfunctions are thus y, (t) = ce /2 sin(n t) or y,, (x) = ¢ x /2 sin(n min x).
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e
To normalize, set jczx‘lsin2 (n mtin x)dx =1. With t =Inx and g—t: X, the
X

normalization integral can be written

2 nm 2 2
c Ism 2(hmit)dt = ~— [ sinudu =& +—5|n2 0" = =1
Nt nmER H) 2

and the normalized eigenfunctions are y,(x) = v2 x 2 sin(n minx).

Now the Green’s function is

i )\iyn (x)y,(z) = n -1 V2 x Y2 sin(nminx)3/2 272 sin(n min z).

Glx2) = o P

n

1M 8
1M 8

The solution to the inhomogeneous equation is

y(x)= ?G(x,z)z_llzdz = § E)i)zjz sm(nnlnz dzDE{f sin(n T[Inx)]= §anyn(x)
1 n=0 ANTT g n=0

The coefficients in the expansion are

_\/_e

>z Lsin (n min z)dz
() 1

= -8 n odd

()

=0 n even

[— cos(nmt)g

an =
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5. RHB Problem 18.4

Carry through the following procedure to prove the result

j Po (2)Pu (2)0z =

2n+1°

@) Square both sides of the generating function definition of the Legendre
polynomials given in problem # 1 above.

(1—22h + hz)‘1 = azoPn (z)hng

(b) Express the squared sum as a new power series in h.

Ei P, (z)hng (PO +P,h + P,h? +E|]]]XPO +P,h +P,h? +|:|n1)
=0

=P{ + P2 h® + P/ h* + D+ 2P,P,h + 2P,P,h?* + [

- nZ()F)n2hzn * z

n=0m

Panhm+n

+1

IMs

(©) Integrate the new power series from z = -1 to z = 1 and use the orthogonality
property of the Legendre polynomials.

The integrals of the cross terms will vanish due to the orthogonality of the Legendre
polynomials. Thus,

1 e ﬁ 1 1 u, 1
P,(zh"[dz = [P#(z)dz + h* [PA(z)dz +0D = Y h®" (P2(z)dz
IB, Er'g J’lo() _Ill() g ()

(d) Similarly integrate the square of the generating function and expand the result in
powers of h.

Im) ——In(l ZZh"'h) =‘%[|n(1—2h+h2)—ln(1+2h+h2]
- Lfng+) - ne-n)

Now expand using the Maclaurin series: In(L + x) = #x —%xz + %x?’ - %x“ m
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In(L+h) -In(1-h)

= @—1h2+1h3—1h4+1h5—[ﬂ%— O h—1h2—1h3—1h4—1h5—m§
2 '3 4 5 H 2 3 4 5

2h+zh3+gh5+|]]]]]
3 5

Thus, —h2 h4 h?"
e Ilﬁ—zzmhz) fgh THEE z2m+1

(e) Compare coefficients obtained in steps (c) and (d).

Equating the coefficients of h®":
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Additional problem for practice -- REQUIRED FOR PH561 STUDENTS!

6. RHB Problem 18.6.

Note: | believe that the statement of the problem, at least in my book, is missing an

initial minus sign, i.e.
d)(r,e,(p) = - EHZ PZS(cose)

4T[£0r

Let d.q, 1, and d_ be the distances from the point (r, 6, ¢) to the charges located on the
polar axis atr =+ a, 0, and — a respectively:

d:a (r. 6,9
-q

+2q

—q

The distances to the negative charges are d,, =\/r2 +a’® F2racos 0 so that the
electrostatic potential is

> 1 1 O
ofr, e(p)—4 O - — O
e H \/r +a? -2racos® \/r +a“ +2racos6f

=2 ; 2% ZH—BJOSG+B—gH - %§+2§;—E{:ose+§;—§g

ATIE T C [aDH

Now, by comparison with the generating function for the Legendre polynomials,
G(z,h)= (l— 2zh + hz)‘m: ZPn (z)h", we can write

=1/2

% 2@&03%@@5 = goPn(cose)HtEH

org
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so that the potential is

O o
o(r,6,0) = 29 IZL—EZP,](COSG)%H+H—EH”%
4nsorg 2.5 HY O DYD%
O 0 s
_ 2q e O__ 29 ¢
_4n80r§f n; Pn(COSG%Q E_ prne S;Ps(coseljrg

where we have used the fact that Py(cos 6) = 1.
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