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Problem Set #7 
 

Solutions 
 

 
1. The Legendre polynomials can be obtained from the generating function 
 

(((( )))) (((( )))) (((( )))) n

n
n hzPhzhhzG ∑∑∑∑

∞∞∞∞

====

−−−− ====++++−−−−====
0

2/1221,  

  
Use the generating function to find the first six Legendre polynomials (n = 0 to  
n = 5). 
 
 
The expansion of the generating function in powers of h is  
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We will need the first five derivatives of the generating function: 
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Now, evaluate at h = 0 to get the Legendre polynomials: 
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2. RHB Problem 17.9. 
 
The first step is to find the normalized eigenfunctions, i.e. the functions (((( ))))xyn  that 

satisfy the eigenvalue equation nnn
n

n yy
dx

ydLy λκ ====++++==== 2

2
.  Re-writing, we see that the 

differential equation is the homogeneous simple harmonic oscillator equation: 
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The general solution is 
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The boundary condition (((( )))) 0implies00 ======== Byn . 
The boundary condition (((( )))) ny nn ====−−−−==== λκπ implies0  where n is an integer. 
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To normalize, use the definite integral 
2

sin
0

2 ππ

====∫∫∫∫ dxnx : 

(((( )))) (((( ))))
2/1

2

0

22

0

21
2

sin 




====⇒⇒⇒⇒============ ∫∫∫∫∫∫∫∫ ∗∗∗∗

π
πππ

AAdxnxAdxxyxy nn  

and the normalized eigenfunctions are (((( )))) nxxyn sin2 2/1






====
π

 

 

We will also need the eigenvalues λn  such that  nnn
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The Green’s function is therefore 
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The solution to the inhomogeneous equation can now be obtained from the Green’s 
function: 
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The integrals are  
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3. RHB Problem 17.10, parts (a) and (c) 
 
(a) 

 

The eigenvalue equation is nn
n y

dx
yd λ====2

2
.  The general solution is 
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4. RHB Problem 17.13. 
 
 

The given operator is defined by .1where
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This is the equation of motion for a damped harmonic oscillator.  The general solution is 
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Setting the coefficient of the cosine term equal to zero, we have 2/1=a . Then 
substituting for a in the coefficient of the sine term and setting it equal to zero we get the 
eigenvalue, ( )22 π−=−=λ nb . 
 
The eigenfunctions are thus ( ) ( ) ( ) ( )xnxcxyortnecty n

t
n lnsinsin 2/12/ π=π= −− . 



PH461/PH561  Fall 2007 

PH461/PH561 Page 8 of 12 ©William W. Warren, Jr., 2007 

To normalize, set ( ) 1lnsin21

1
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5. RHB Problem 18.4 
 

Carry through the following procedure to prove the result 
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(b) Express the squared sum as a new power series in h. 
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(c) Integrate the new power series from z = –1 to z = 1 and use the orthogonality 

property of the Legendre polynomials. 
 
The integrals of the cross terms will vanish due to the orthogonality of the Legendre 
polynomials.  Thus, 
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(d) Similarly integrate the square of the generating function and expand the result in 

powers of h. 
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(e) Compare coefficients obtained in steps (c) and (d). 
 
Equating the coefficients of h2n: 
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Additional problem for practice  --  REQUIRED FOR PH561 STUDENTS! 
 
 
6. RHB Problem 18.6. 

 
Note: I believe that the statement of the problem, at least in my book,  is missing an 
initial minus sign, i.e. 
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Let d+a, r, and d–a be the distances from the point (r, θ, φ) to the charges located on the 
polar axis at r  = + a, 0, and – a respectively: 
 
        (r, θ, φ) 
         
 
 
 
 
 
 
 
 
 
The distances to the negative charges are θcos222 raard a !++++====±±±±  so that the 
electrostatic potential is 
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Now, by comparison with the generating function for the Legendre polynomials, 
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so that the potential is 
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where we have used the fact that P0(cos θ) = 1. 
 

 
  


