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Problem Set #5 
 

Solutions 
 

1. RHB Problem 16.1. 
 
First, put the given equation into “standard form”: 

 

0
11

3
22 ====

−−−−
++++′′′′

−−−−
−−−−′′′′′′′′ y

z
y

z
zy λ  

 
Now, note that z = 0 is an ordinary point since p(z) and q(z) are finite and analytic at  
z = 0 and 
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Thus, the indicial equation is (((( )))) 01 ====−−−−σσ  with roots σ  = 1 and 0 and we can find  

power series solutions of the form  (((( )))) (((( )))) .and
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For the root σ = 0, we have 
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Multiply through by 1 – z2 and collect terms proportional to z2: 
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Now, set the coefficient of zn+2 equal to 0: 
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The series will terminate to give a polynomial of order N if (((( ))))2++++==== NNλ  because then 
the coefficient of the next term, 02 ====++++Na . 
 
To get a polynomial of order 2, we want λ = 2 x 4 = 8. Then we have 
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For the root σ = 1, we have 
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Again, multiply through by 1 – z2 and collect terms proportional to z2: 
 

(((( ))))(((( )))) (((( ))))[[[[ ]]]]
(((( ))))(((( )))){{{{ }}}} (((( ))))[[[[ ]]]] 0113

01311

0

2

0

222

====++++++++−−−−++++++++−−−−====

====++++++++−−−−−−−−++++

∑∑∑∑

∑∑∑∑
∞∞∞∞

====

∞∞∞∞

====

n
n

n

n
n

n

zbnnnnz

zbznzznn

λ

λ
 

 
Now, set the coefficient of zn+2 equal to 0: 
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The series will terminate to give a polynomial of order N + 1 if (((( ))))(((( ))))13 ++++++++==== NNλ  or a 
polynomial of order N if (((( ))))2++++==== NNλ  as before. (Note that if the series terminates after 
the term in a2, the polynomial will be of order 3 for σ = 1.)  Thus to get the third order 
polynomial, we need λ = 3 x 5 = 15.  Then the coefficient   
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2. RHB Problem 16.2. 
 
   
First, put the ODE into the standard form: (((( )))) (((( )))) (((( )))) (((( )))) :0====++++′′′′++++′′′′′′′′ yzqzyzpzy  
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Substitute in the differential equation: 
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Divide through by 2−−−−σz : 
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(Alternatively, one can start with the “master equation” and substitute s(z) and t(z) to 
obtain Eq. 1) 
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This is the indicial equation.  The roots are σσσσ = ½ and σσσσ = 0. 
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For σ = ½, the Frobenius series becomes =  ( ) n
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In order that all coefficients of zn vanish independently, it is necessary that 
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3. RHB Problem 16.3. 
 
The given O.D.E is 092 5 ====++++′′′′−−−−′′′′′′′′ yzyyz . 
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Substituting this series in to the O.D.E. we get Eq. (1) with σ = 3: 
 

(((( ))))(((( )))) (((( ))))[[[[ ]]]] (((( ))))[[[[ ]]]] 09393223
0

6

0

6 ====++++++++====++++++++−−−−++++++++ ∑∑∑∑∑∑∑∑
∞∞∞∞

====

∞∞∞∞

====

n
n

n

n
n

n
zaznnzaznnn  

 



PH461/PH561  Fall 2007 

 Page 7 of 13 ©William W. Warren, Jr., 2007 

Now, setting the coefficients of zn = 0 yields the recursion relation: 
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Hence,  

(((( )))) (((( )))) (((( )))) (((( ))))

(((( )))) (((( )))) (((( )))) (((( ))))330
1

2132

2

12

sincot
3

cot
3
1

sin3
1

sin

3

3

zzawzy

w
dwzy

u
duuzyzy

w

wz

⋅⋅⋅⋅−−−−====−−−−⋅⋅⋅⋅====

⋅⋅⋅⋅====⋅⋅⋅⋅==== ∫∫∫∫∫∫∫∫
 

 

where we have made the substitution w = u3 to simplify the integral.  The factor 
3
0a−  

can be replaced by b0 to give a form parallel to the first solution, i.e. ( ) ( )3
02 sin zbzy = . 

 
 

 
Linear independence: 
 
Evaluate the Wronskian using Eq. (16.3):  
 

( ) ( ) ( )( ) ( ) ( )( )
( ) ( )[ ] 2

00
32322

00

23
0

3
0

23
0

3
01221

3sincos3

3coscos3sinsin

zbazzzba

zzazbzzbzayyyyW

−=+⋅−=

⋅−−⋅=′−′=
 

 
(The Wronskian would have the opposite sign if we had defined y1 and y2 in the 
opposite way.) 
 
The Wronskian ≠ 0 for z ≠ 0, establishing the independence of the solutions. 

 
 

Compare with Eq. (16.4): 
 

(((( )))) (((( )))) [[[[ ]]]] 2ln2exp2expexp zCzC
u
duCduupCzW

zz
========












====












−−−−==== ∫∫∫∫∫∫∫∫  

 
This is the same as the previous result if we set the constant 003 baC −= .
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4. (a) Show that z = 1 is a regular singular point of Legendre’s equation, 
 

(((( )))) (((( )))) 0121 2 ====++++++++′′′′−−−−′′′′′′′′−−−− yyzyz !! . 
 

Put into “standard form”: (((( ))))
(((( ))))

(((( )))) .0
1

1
1

2
22 ====

−−−−
++++++++′′′′

−−−−
−−−−′′′′′′′′

z
y

z
zy !!  This equation is clearly singular 

at z = 1.  Look at s(z) and t(z):  
 

(((( )))) (((( )))) (((( )))) (((( )))) (((( )))) (((( ))))
(((( )))) (((( )))) (((( )))) (((( )))) (((( ))))

(((( ))))
(((( ))))(((( ))))

1
11

1
111

1
2

1
211

2
22

2

++++
−−−−++++−−−−====

−−−−
++++⋅⋅⋅⋅−−−−====−−−−====

++++
====

−−−−
−−−−⋅⋅⋅⋅−−−−====−−−−====

z
z

z
zzqzzt

z
z

z
zzzpzzs

!!!!
 

 
Because s(z) and t(z) are finite and analytic at z = 1, this is a regular singular point. 
 
 
(b) Show that the indicial equation has a double root s = 0 and obtain the recurrence 

relation for a series solution corresponding to this root. 
 
To proceed with the problem, it is convenient to change variables: u = z − 1.  (This 
moves the singularity to u  = 0.)  The O.D.E. becomes 
 

(((( ))))
(((( ))))

(((( ))))
(((( )))) 0

2
1

2
12 ====

++++
++++−−−−′′′′

++++
++++++++′′′′′′′′ y

uu
y

uu
uy !! . 

Then,    

(((( )))) (((( ))))
(((( )))) (((( )))) (((( )))) (((( ))))

(((( ))))
(((( )))) (((( ))))

(((( )))) (((( )))) (((( )))) (((( ))))
(((( ))))u
u

uquut
uu

uq

u
uuupus

uu
uup

2
1

2
1

2
12

2
12

2

++++
++++−−−−========⇒⇒⇒⇒

++++
++++−−−−====

++++
++++========⇒⇒⇒⇒

++++
++++====

!!!!
. 

 
Use Eq. 16.16 for the indicial equation: 
 

(((( )))) (((( )))) (((( ))))
(((( )))) 0011

0001
2 ========++++⋅⋅⋅⋅++++−−−−

====++++++++−−−−

σσσσ

σσσ ts
 

 
Thus, there is a double root, σσσσ = 0. 

 
 

Write the solution as a Frobenius series with σ = 0: 
 

(((( )))) (((( )))) (((( ))))n
n

n
n

n
n zazyuauy 1assametheiswhich

00
−−−−======== ∑∑∑∑∑∑∑∑

∞∞∞∞

====

∞∞∞∞

====
. 
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The derivatives are  (((( )))) 1

0

2

0
1 −−−−

∞∞∞∞

====

−−−−
∞∞∞∞

====
∑∑∑∑∑∑∑∑ ====′′′′−−−−====′′′′′′′′ n

n
n

n

n
n unayandunnay . 

 
The recursion relation will be easier to derive if we write the O.D.E. in the form 
 

(((( )))) (((( )))) (((( )))) 01122 ====++++−−−−′′′′++++++++′′′′′′′′++++
u

y
u

uyu !!  

 
Now, substitute the derivatives in the O.D.E, 
 

(((( )))) (((( )))) (((( )))) (((( ))))[[[[ ]]]] 011212
0

122 ====++++−−−−++++++++−−−−++++∑∑∑∑
∞∞∞∞

====

−−−−−−−−−−−−
n

n

nnn auunuunnu !! . 

 
(Writing the O.D.E. in the form above assured that the terms in the [] involve only 
powers of u.) 
 

Simplifying, (((( )))) (((( )))){{{{ }}}}[[[[ ]]]] 0112
0

12 ====++++−−−−++++++++∑∑∑∑
∞∞∞∞

====

++++
n

n

nn aunnun !! . 

 
Setting the coefficient of un to zero, 
 

(((( )))) (((( )))){{{{ }}}}
(((( )))) (((( )))){{{{ }}}} 0211

0211
2

1

2
11

====++++++++−−−−−−−−

====++++++++−−−−++++

−−−−

−−−−−−−−→→→→

nn

nnnn

anann

anann

!!

!!
 

 
Solve to get the recurrence relation, 
 

(((( )))) (((( )))){{{{ }}}} (((( )))) (((( )))){{{{ }}}}
(((( )))) nnnn a
n

nnaa
n

nna 2112 12
11or

2
11

++++
++++−−−−++++====++++−−−−−−−−−−−−==== ++++−−−−

!!!! . 

 
(c) Show that for integer !, the solution is a polynomial of degree !.  
 
Note that for integer !, the coefficients will be zero for n > !.  Thus the series will 
terminate when n = ! and the solution will be a polynomial of degree !. 

 
 

Alternate solution without change of variable: 
 
Write the “master equation” with σ = 0, 
 

(((( )))) (((( ))))(((( )))) (((( )))) 01
1

11
1

21
0

====−−−−





++++
−−−−++++−−−−⋅⋅⋅⋅

++++
++++−−−−∑∑∑∑

∞∞∞∞

====

n
n

n
za

z
zn

z
znn !!  
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Multiply through by (z + 1) to clear denominators, 

 

(((( ))))(((( )))) (((( ))))(((( ))))[[[[ ]]]] (((( )))) 0111211
0

====−−−−−−−−++++−−−−++++++++−−−−∑∑∑∑
∞∞∞∞

====

n
n

n
zazznznn !!  

 
Identify factors (z  − 1) since this is the expansion quantity 
 

(((( ))))(((( )))) (((( )))) (((( ))))(((( ))))[[[[ ]]]] (((( ))))

(((( )))) (((( )))) (((( )))){{{{ }}}} (((( )))){{{{ }}}}[[[[ ]]]] (((( ))))

(((( )))) (((( )))){{{{ }}}} (((( )))) (((( ))))[[[[ ]]]] 012111

012121211

0111112211

0

21

0

0

====−−−−++++−−−−++++−−−−++++

====−−−−++++−−−−++++++++−−−−++++−−−−−−−−

====−−−−−−−−++++−−−−++++−−−−++++++++−−−−−−−−

∑∑∑∑

∑∑∑∑

∑∑∑∑

∞∞∞∞

====

++++

∞∞∞∞

====

∞∞∞∞

====

n

n
n

n
n

n
n

n

n
n

n

zanzann

zannnnnnz

zaznzznn

!!

!!

!!

 

 
Now set the coefficient of (z – 1)n  =  0: 
 

(((( )))) (((( )))){{{{ }}}}
(((( )))) (((( )))){{{{ }}}} 0211

0211
2

1

2
11

====++++++++−−−−−−−−

====++++++++−−−−++++

−−−−

−−−−−−−−→→→→

nn

nnnn

anann

anann

!!

!!
 

 
Solve to get the recurrence relation: 
 

(((( )))) (((( )))){{{{ }}}} (((( )))) (((( )))){{{{ }}}}
(((( )))) nnnn a
n

nnaa
n

nna 2112 12
11or

2
11

++++
++++−−−−++++====++++−−−−−−−−−−−−==== ++++−−−−

!!!!  
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Additional problem for practice --  REQUIRED FOR PH561 STUDENTS! 
 
 
5. RHB Problem 16.14. 
 
Laguerre equation: (((( )))) 01 ====++++′′′′−−−−++++′′′′′′′′ yyzyz λ . 
 

Put into “standard form”: 01 ====++++′′′′−−−−++++′′′′′′′′ y
z

y
z

zy λ . 

 

(((( )))) (((( )))) (((( ))))

(((( )))) (((( )))) zzt
z

zq

zzzpzs
z

zzp

λλ ========

−−−−========−−−−==== 11

 

 
Indicial equation (16.16): (((( )))) (((( )))) (((( )))) (((( )))) 01001 2 ========++++−−−−====++++++++−−−− σσσσσσσ ts . 
 

There is a double root σ = 0. One solution will be the series (((( )))) ∑∑∑∑
∞∞∞∞

====
====

0n

n
nzazy . 

 
Substitution in the “master equation” (16.15) gives 
 

(((( )))) (((( ))))[[[[ ]]]] (((( ))))[[[[ ]]]] 011
0

2

0
====−−−−++++====++++−−−−++++−−−− ∑∑∑∑∑∑∑∑

∞∞∞∞

====

∞∞∞∞

====

n
n

n

n
n

n
zaznnzaznznn λλ . 

 
Setting the coefficient of zn to zero, (((( ))))[[[[ ]]]] 01 1

2 ====−−−−−−−−++++ −−−−nn anan λ , yields the recurrence 
relation, 
 

(((( ))))
(((( )))) nnnn a
n

naora
n
na 2112 1

1
++++
−−−−−−−−====−−−−−−−−−−−−==== ++++−−−−

λλ  

 
If λ = N (a non-negative integer), the series will terminate when n  = N and subsequent 
coefficients will be equal to zero. 
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The first few coefficients are 
 

(((( ))))

(((( )))) (((( )))) 2223

222

021

0

1
01

2
11

3
2

1
01

2
1

1
0

−−−−−−−−⋅⋅⋅⋅−−−−−−−−⋅⋅⋅⋅−−−−−−−−====

−−−−−−−−⋅⋅⋅⋅−−−−−−−−====

⋅⋅⋅⋅−−−−−−−−====

NNNa

NNa

aNa

a

 

 
A general coefficient will be 
  

(((( )))) (((( ))))(((( ))))(((( )))) (((( ))))
(((( ))))

(((( )))) (((( )))) (((( )))) 0202 !!
!1

!
13211 a

nNn
Na

n
nNNNNNa nn

n −−−−
−−−−====++++−−−−⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅−−−−−−−−−−−−−−−−====  

 
If the polynomials are normalized so that LN(0) = N!, the expression for the polynomial 
will be 

(((( )))) (((( )))) (((( ))))
(((( )))) (((( ))))

n
N

n

n
N z

nNn
NzL ∑∑∑∑

==== −−−−
−−−−====

0
2

2

!!
!1 . 

 
For the case N = 3, 
 

(((( )))) (((( )))) (((( ))))
(((( )))) (((( ))))

(((( ))))
(((( )))) (((( ))))

32
32

2

3

2

2
2

2

3

0

2
3

9186
36426

136

!0!3!1!2!21!3
1!3

!3!
1!3

zzzzzz

zzz
nn

zzL
n

n

n

−−−−++++−−−−====







−−−−++++−−−−⋅⋅⋅⋅====













⋅⋅⋅⋅
−−−−

⋅⋅⋅⋅
++++

⋅⋅⋅⋅
−−−−⋅⋅⋅⋅====

−−−−
−−−−==== ∑∑∑∑

====  

 
 


