PH461/PH561 Fall 2007

Problem Set #5

Solutions
1. RHB Problem 16.1.
First, put the given equation into “standard form”:

v - 3z y' o+ A
1-27? 1-22

y=0

Now, note that z = 0 is an ordinary point since p(z) and q(z) are finite and analytic at
z=0and

s(z) =z p(z) = - 32° O s(O) =0

1-z2
tlz) = 22 a(z) =

Vi

o t0)=o0
-~ ()

2
Thus, the indicial equation is 0(0—1) = 0 with roots 0 = 1 and 0 and we can find

power series solutions of the form y1(2)= ianzn and y2(2)= z i b,z".
n=0 n=0

For the root o = 0, we have

n20[(n +o)n+0-1)+s(z)n+0) + tz)]a,z" =0

o 2 2
= Zoan +o)n+o-1)- 13_222 (h+o)+ 1)\_222 Eﬁnz”

=}

3z° Az® O
(h-1)- 17 n+ 1_22851”2” =0

n=0

I
Ms
0o=B0 O

Multiply through by 1 — z% and collect terms proportional to z*:

3 b -2f-2)- sz + a2l

= 5 Bt -9-30 3} + oo -1,
= S [*{-nl-0)-3n + 3} + nfo -1ay
= 520 +2) - + rlp ez =0
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n+2

Now, set the coefficient of z™“ equal to O:

~{h(h+2)-Aa, +(h+2)n+1a,,, =0

n(n+2)—

: : : A
and the recursion relation for 0 =0 is an.p = A, .
n+2\n+1

The series will terminate to give a polynomial of order N if A= N(N + 2) because then
the coefficient of the next term, ay,, =0.

To get a polynomial of order 2, we want A =2 x 4 = 8. Then we have

a2=aOD(§X)\i)= —gac,=—4a0 and U2 ao(l 42)

For the root 0 = 1, we have

i 3z
n+okn+o-1) -
ngﬁ( X ) .

2 2
Az _
2(n+0)+ 17 anz” =0

@+Q+

z Dp(n +1) -

Again, multiply through by 1 — 7 and collect terms proportional to z*:

b bl O
D
ZD

i[ n+1)(1 ) 3z? n+1 + Az ]bz =
- ng)[_f{(n +3)n+1)-A} + nn +1)]bnz” =0

n+2

Now, set the coefficient of z"“ equal to O:
~{h+3)n+2) - A}a, +(n+2)n +3)a,,, =0
. . e . An+3)n+1)-2
and the recursion relation for c=1is Qpip = (n n 2Xn n 3)

The series will terminate to give a polynomial of order N + 1 if A= (N +3)(N +1) or a
polynomial of order N if A= N (N + 2) as before. (Note that if the series terminates after

the term in a,, the polynomial will be of order 3 for 0 = 1.) Thus to get the third order
polynomial, we need A =3 x5 = 15. Then the coefficient

_30-15

T8 &, = -2 and U3(z)=a0(z—223)
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2. RHB Problem 16.2.

First, put the ODE into the standard form: y"(z)+ p(z)y'(z)+q(z)y =0:

(-2),.

L-2) __1
oy y' - y 0 where p(z) - andq(z)

"+
y 4z

Now consider the functions s(z)= zp(z)=(1%z) and t(z)= zzq(z)z—i and note that

both s(z) and t(z) are finite and analytic at the point z = 0. Thus, z =0 is a regular
singular point of this ODE.

Since z = 0 is a regular singular point, we can assume solutions in the form of Frobenius

series: y(z)= z° ianzn = ianz”"". The derivatives are therefore
n=0 n=0
y'(z)= i(n +o)p,z"™? and y"(z)= i(n +o)n+o-1)g,z"°2.
n=0 n=0
Substitute in the differential equation:

1 n+o-2 n+0—1 _ 1 - n+o _
Zo(n +o)n+0-1)a,z +BL—HDZ (h+0)a Qrzgljgoanz

O2z O/

Divide through by z°

Y n+ao)n +0—1)+§%§n +0)—%%nz” =0. (Eq. 1)
=0

(Alternatively, one can start with the “master equation” and substitute s(z) and t(z) to
obtain Eq. 1)

Now, let z =0 so that all terms with n > 0 vanish. The n =0 term is S‘r(o—l)+%0%0 =0.

Since ap # 0, we have HF(G 1)+ OH— oEp 1H 0.

This is the indicial equation. The roots are ¢ = %2 and 0 = 0.
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For o = Y%, the Frobenius series becomes = y,(z)= z!/? ya,z"
n=0

Zﬁ* + o -JHe B 1H——§1
=2 H1+1Bz 2(n+1)a2 =0

Setting the coefficients of z" to zero: nH1 +§élan = Enan_1 =0

O
1
Thus the recursion relation is a, = Z—an_l =
1H 2n+1
nth+ =

O 20

The series solution is y;(z)= a, iz, 1 2512 4 1
BZ 50 7530

Fall 2007

2"n!
. For example, when n = 3,

The coefficients can be written
(2n + 1)1

22[20B21O _ 6[4[2

7HBMABRA

Thus y,(z) = ag ngo on+1)

For the other root, ¢ = 0, the Frobenius series becomes simply y,(z)

Eq. (1) becomes

[} D B Bl Z E _ 0 |:| E

néoH](n 1+D2 4%”2 néo%]n )+ 2
o 1 © 1 1
2k 2 g
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In order that all coefficients of z" vanish independently, it is necessary that
1 1 1
nEn——H) -—n-1)+—=b,_1 =0.
0 20 n Zg ) Z%n 1

o 1
Thus the recurrence relation is b, = 2—bn_l and we have
n

1.1 1 1. _ 1.1
P = on D2(n—1) D2(n—2) I 1 Mo 2" i o

The solution is y,(z) = zbz —bog ﬁﬁg by exp(z/2).
=0

1-2z 1

Show that y»(z) satisfies the equation y" + y' - 4—y =0:
z

Note that y5 = %bo exp(z/2): y, and y, = —bo exp(z/2)= Yo-

N[
N

Thus, on substitution in the differential equation we have,

—yz "'—["]—-yz _%E’%yz _4—12)/2 =0
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3. RHB Problem 16.3.
The given O.D.Eis zy" -2y’ +9z°y =0.

First, put into standard form: y” + p(z)y' + q(z)y =y" —gy' +9z% =0.

The equation is singular at z = 0, but s(z) = zp(z) = -2 and t(z) = z%q(z) = 92° are finite
and analytic at this point, so z = 0 is a regular singular point.

First solution:

Assume a Frobenius series solution yl(z) =27y a,z" = > a,z"*’.
n=0 =0
Differentiating and substituting in the O.D.E,

i(n +0Xn +O._1)anzn+o—2 +iz)i(n +0)anz”+°‘1+iz)§a 2N =
n=0 Z 3 Z" n=0

rgo[(” +o)n+o-1)+s(z)n +0)+t(z)a,z""2 =0

o+2.

Multiplying through by z~
i[(n+o)(n+o—1)+s(z)(n +0)+t(z)]a,z" = 0. Eqg. (1)
n=0

At z = 0, the only non-vanishing term is the n = 0 term,
0(0—1)+s(0)0+t(0)= 0(0—1)—20 = 0(0—3)=O.

This is the indicial equation with roots o; =3 and g, =0.

Taking the larger root, 0; = 3, we have the series solution
yi(2)=2°Ya,z" = Ya,z™.
n=0 =0
Substituting this series in to the O.D.E. we get Eq. (1) with 0 = 3:

i[(n +3)n+2)-2(n +3)+ 926’]anzn = i[n(n +3)+ 926]anzn =0
n=0 n=0
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Now, setting the coefficients of z" = 0 yields the recursion relation:

n(h+3)a, +9a,c=0 O a = - I

" n(h+3)

The first few non-zero coefficients are

a; =1
aG =—9ﬁ =_a_0
60 3!
_ 9ag _ 9a, _ a, _a
12 1205 12050 120 5
_ 9a, _ 9a, _ a, _ 4
8.18 -_—— —_—— — -_—_

1821  18[P1M020 5040 7!

_ o -
In general, ag, —m where m=0,1 2,....

The series is

[e]
— n+3 _ . 3 9 15 21
Y1(Z)—zanz =89z tagzm ta, 7z tagz +
=

Lo BT BT 6T

+-...0=3a,sin
B 3! 5! 7! =

Thus, yl(z) = ag Sin (23)

Second solution:

The linearly independent second solution can be obtained by the Wronskian method:

y,(z)= yl(Z)JZ’ yzl(z) exp é]’ plv Jav Iéolu

u u_ 0 u a
J'p(v)jv =I72dv =-2inu O exp E-Ip(V)iVE= expﬁnu2]=u2
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Hence,
Jw dw

RONAOL ROl

= yl(z)D;—lCOt(W)|% = —%Ocot(z3)|:‘sin(z3)

where we have made the substitution w = u® to simplify the integral. The factor - %

can be replaced by by to give a form parallel to the first solution, i.e. y,(z) = by sin (z

Linear independence:

Evaluate the Wronskian using Eq. (16.3):

W =y1¥5 —Yyoy; =89 Sin (23)[(— b )sin (23X322)— by cos (23)@10 Ccos (23X322)
= —-3aybyz? [cos? |22 )+ sin? 23]:—3a0b0 z?

(The Wronskian would have the opposite sign if we had defined y; and y, in the
opposite way.)

The Wronskian # 0 for z # 0, establishing the independence of the solutions.

Compare with Eq. (16.4):

Oz g dzgyUd
W(z)=Cexpl:-)—Ip(u)qul:|=Cexpl'_fBJ‘d—uI:l:Cexp[ZInz]=Cz2
B B B YB

This is the same as the previous result if we set the constant C =-3aybg,.
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4. (@) Show that z = 1 is a regular singular point of Legendre’s equation,

(L-22 )" - 22y +e(r +2)y =0.

2z, ((r+1
y +

51 =0. This equation is clearly singular

Put into “standard form™. y”" - 5
-z -z

atz=1. Look at s(z) and t(z):

s(2)= 2 -1p() =z -1)D(1'_%) = 122721)
t(z): (Z —l)zq(z)= (z _1)2 Dil(li_-;%: _E(E +1)(z —1)

z+1

Because s(z) and t(z) are finite and analytic at z = 1, this is a regular singular point.

(b) Show that the indicial equation has a double root s = 0 and obtain the recurrence
relation for a series solution corresponding to this root.

To proceed with the problem, it is convenient to change variables: u = z — 1. (This
moves the singularity to u =0.) The O.D.E. becomes

2u+1) , (e+1) 0

”+u(u+2)y Tuu+2)’ T

Then,

)= 20 0 s)=unl)= TN

al)=-23h 0 )=ural)= -

uiu+25

Use Eq. 16.16 for the indicial equation:

o(c-1)+s(0)o +t(0)=0
olo-1)+1m +0 = 6%=0

Thus, there is a double root, 0 =0.

Write the solution as a Frobenius series with o = 0:

y(u)= ianu” which is the same as y(z) = Y a, z-2).
n=0 n=0
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The derivatives are y" = Zann(n ~1)u"? and y'= Y a,nu"
=0 =0

The recursion relation will be easier to derive if we write the O.D.E. in the form

(+2)y" + 2(u +1)y,_€(€ +1)=O

Now, substitute the derivatives in the O.D.E,
i[(u +2)n(h-u"2 + 2@ +1)nu"2 (s +1)u”'1] a, =0.
n=0

(Writing the O.D.E. in the form above assured that the terms in the [] involve only
powers of u.)

Simplifying, i[anu” +{n(nh +1)- ¢(c +1} u”+1] a, =0.
n=0

Setting the coefficient of u" to zero,
{n(n +1) - E(E +1}n -n-1 an—l + 2n2 a'n = O
{hh-9- e +1}a,, + 2n%a, =0
Solve to get the recurrence relation,

a = _{n(n —1)—£(£ +1}}a
2n?

{e(c +2)-n(n + 1}}a

2(n + 1)2

n-1 OF 8y = n-

(c) Show that for integer 7, the solution is a polynomial of degree /.

Note that for integer /¢, the coefficients will be zero for n > /. Thus the series will
terminate when n = 7 and the solution will be a polynomial of degree /.

Alternate solution without change of variable:

Write the “master equation” with o = 0,

éoﬁ‘(n _1)+ 2z 0 - £(£+1)(z —1)561n (z —1)” -0

z+1 z+1
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Multiply through by (z + 1) to clear denominators,
i)[n(n Yz +2) +2zn - ot +1)z-1)a, -2 =0
=
Identify factors (z — 1) since this is the expansion quantity
O[ n(h-1z-1+2)+ 2z -1+ - et +1)fz-1a, z-1)" =0
[(z 1){n(n 1)+ 2n - E(E +1}} +{2n((n 1)+ 2n}}]a (z 1) =0
k (h+1)-r(r+1}a,(z-2)*" + 2n%a, (z —1”] =0

n

Ms ||M8 ||M8

=}
1]
o

Now set the coefficient of (z—1)" = O:

{n(n+1)_£( +1}n_.n -18h + 2r]Zan =0
{n(h-2) - ¢(¢+1}a,, + 2n%a, =0

Solve to get the recurrence relation:

{n(n 1) E(E +1}} or a, {E(E +1) n(n +1}}

2n? 2(n +1)
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Additional problem for practice -- REQUIRED FOR PH561 STUDENTS!

5. RHB Problem 16.14.

Laguerre equation: zy" +(1-z)y*+\y =0.

Put into “standard form”: y" + 1_TZ y'+ % y =0.
1-z
p(z =7 s(z)= zp(z)=1—z
q(z)=§ t2)= 2z

Indicial equation (16.16): o(o - 1)+ s(O)o + t(O) = 0(0 - 1)+ o=0%=0.

00

There is a double root ¢ = 0. One solution will be the series y(z)= ¥ a

n=0

n

nZ

Substitution in the “master equation” (16.15) gives
i[n (h-1)+@-2)n +rz]a,z" = i[n2 +(\ - n)z]anzn =0.
n=0 n=0

Setting the coefficient of z" to zero, n%a, + [)\ —(n - )] a,_; =0, yields the recurrence
relation,

_ )\—(n—l) _ A-n
ay == —— 5 —8py Or g =- an

n (n +1)2

If A = N (a non-negative integer), the series will terminate when n = N and subsequent
coefficients will be equal to zero.
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The first few coefficients are

2

a, __NJ;O B,

a, __szllz(_l)N];O

= _N3—22 E(—1)N2;1|:(—1)Nl;0

A general coefficient will be

a = (- )N(N -)(N-2)(N -3)amN -n +1) =(-1)

N!
(n1y n? (N -n)

If the polynomials are normalized so that Ly(0) = N!, the expression for the polynomial

will be
@)= 5y O

& 0 (P (N-n)

2l

For the case N = 3,

Z2

L6)- (s)zz(-l)(,)z(s_ y 6T B o 6y i

30
=36 —+——— 6-18z + 922 - Z°
EBF 4 368
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