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Determinants 
 
Every square matrix has a determinant,  det A =  |A| which is a scalar quantity. 
 

Example (N = 3):  

333231

232221

131211

det
AAA
AAA
AAA

== AA  

 
Determinants can be evaluated using minors and cofactors. 
 
Minor 
 
Every element Aij of the determinant (or matrix) has an associated minor Mij.  The minor 
has the value of the determinant formed by elimination of row I and column j. 

 
Example (N = 3):  For element A23 of the previous example,  the minor M23 is the 

determinant 
3231

1211

AA
AA

. 

 
Cofactor 
 
Every element Aij of the determinant (or matrix) also has an associated cofactor Cij.  
The cofactor Cij is equal to the corresponding minor Mij multiplied by (−1)I+j. 
 

Example (N = 3):  For element A23,  

cofactor C23 =   ( )
3231

1211

3231

1211321
AA
AA

AA
AA

−=×− + . 

 
The value of a determinant is the sum of the products of elements of any row or 
column times their respective cofactors. 
 

Example (N = 3):  Use elements of the first row (most common choice). 
 

3231

2221
13

3331

2321
12

3332

2322
11

131312121111

AA
AA

A
AA
AA

A
AA
AA

A

CACACA

+−=

++=A
 

 

To evaluate 2 × 2 determinants:  bcad
dc
ba

−= .   

Thus, 32233322
3332

2322 AAAA
AA
AA

−=   etc. 
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Identities and Properties of Determinants 
 
 

Vector (cross) product in Cartesian 3-space:   

zyx

zyx

bbb
aaa
kji

ba

ˆˆˆ

=×
rr

 

( )
zyx

zyx

zyx

ccc
bbb
aaa

cba =×⋅
rrr

 

 

( ) ∗∗∗+ ===

=

AAAA

AA

T

T

 

 
Interchange any two rows or columns:  AA −→  
 

AA Nλ=λ  
 

BAAB == BA   (A and B are both N × N matrices) 
 
Any two rows or columns identical or multiples of one another: 0=A  
 
All elements of one row or column = 0: 0=A  
 
Add to elements of one row (or column) a fixed multiple of elements of another 
row (or column): determinant is unchanged. 
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Inverse Matrices 
 
 
A square matrix with 0=A  is singular. 
 
If A is not singular, can define inverse matrix A−1 such that A−1A = I. 
 

In terms of cofactors: ( )
AA

A
T

1 ijji
ij

CC
==− . 

 
 
Properties of the Inverse Matrix 
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