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Vectors and Vector Spaces 
 
 
A vector in an abstract N-dimensional space can be represented by a set of numbers 
(components): a = (a1, a2, a3, …….., aN) 
 
Example: in Cartesian 3-dimensional space: ( ) kajaiaaaaa zyxzyx
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where the  are orthogonal vectors of unit length in the x-, y-, and z-directions, 
respectively. 
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Vector Space 
 
A set of vectors a, b, c, d, ……. forms a vector space if 
 

(i) they obey commutative and associative rules of addition: 
 
 a + b = b + a   is a vector in the same space 
 (a + b) + c = a + (b + c) 
 
(ii) they can be multiplied by scalars to produce a new vector in the space: 
 
 λa is a new vector in the space 
 λ(a + b) = λa + λb 
 (λ + μ)a = λa + μa 

λ(μa)  =  (λμ)a 
 

(iii) there exists a null vector 0 such that a + 0 = a for all a 
 
(iv) multiplication by unity leaves any vector unchanged, 1 × a = a 
 
(v) all vectors have a negative −a such that a + (−a)  =  0. 

 
 
Linear independence 
 
A member of a set of linearly independent vectors cannot be expressed as a linear 
sum of other vectors in the set.  For example, in the set of Cartesian unit vectors , 
the unit vector cannot be expressed as a sum  =  for any coefficients c1 
and c2. 
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Basis Vectors 
 
A set of linearly independent vectors Neeee ,,,, 321 ⋅⋅⋅  forms a basis if any other 

vector in the space can be expressed as a linear sum  where the ai are 

scalar coefficients (components). 
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Note: the coefficients relate to a particular basis.  In another basis set 

, Neeee ′⋅⋅⋅′′′ ,,,, 321
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 where the  for at least some i. ii aa ≠′

 
 
Inner Product 
 
Two vectors a and b in a vector space can form an inner product ba , which is a 
scalar function. 
 

If the vectors are complex (have complex components), then ∗= abba . 
 

Also, bb abaccacba μλ=μλμ+λ=μ+λ ∗∗∗ and . 
 

If a and b are orthogonal to one another, 0=ba . 
 

The norm of a vector a is 2/1aaa = . 
 

If the vectors  of a basis set are orthogonal and have norm = 1,  Neeee ˆ,,ˆ,ˆ,ˆ 321

i.e. if ijji δ=ee ˆˆ , the set is orthonormal  ( 0=δij  if I ≠ j, 1=δ ij if I = j ). 
 

Projection of vector a on to basis vector :  jê jj a=aê  (orthonormal basis). 
 

If ∑=∑=∑=
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then,ˆandˆ baebea   (orthonormal basis). 

 
In ordinary 3-dimensional space, the inner product is the dot product: 

abθ=⋅= cosbababa
rrrr

. 
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Inequalities involving inner products and norms 
 

 (i) Schwartz’s inequality: bababa   ifequal, λ=≤ . 
 
 
 (ii) Triangle inequality:  baba +≤+ . 
 
 

 (iii) Bessel’s inequality:  NMa
M

i
i =∑≥

=
ifequal,

2

1
ba  (dimension of space). 

 
 
 (iv) Parallelogram equality:  ( )2222 2 bababa +=−++ . 
 


