PH505 MM Fall 2008

Problem Set #6

Solutions

z
1. Evaluate §Ce—dz where the contour C is the circle |z| =
z

Use Cauchy’s integral formula: f(z,) = Zi Cﬁdz
i €z -z,

In this case, f(z)= e and z, =0 = f(z,)=f(0)=1

1 . e’ e’ )
Thus, 1= —¢ —dz = —dz = 27
2 §C Z §C z &

2

z

2. Evaluate §C S +
Z —_

1 . )
dz where the contour C is the circle |z| =

First, put the integrand in a form so that Cauchy’s integral formula can be
applied:

z’+1 _  z?+1 z 1
21 (z+)z-1)  z-1 z+1

2
z°+1 z 1
Then §C 22_1d2 == C;dz - §Cmdz.

To apply Cauchy’s formula to the first integral, let f(z) =z and zo =1

1 z z ,
f(zo)=1= —§ ~—dz = §CZ—_1dz= 2mi .

2ni € z-1
For the second integral, f(z) =1 and zo = - 1:
1 1 1 .
flzg)=1= —¢ —dz = ——dz = 2mi
( O) 2ni € z+1 §Cz+1 "
Then Z—” z = § % §—dz—2ni—2ni—o
' Cz— 1 Cz+1
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3. RHB Problem 24.10

First show that f(z) is analytic. Use the Cauchy-Riemann relations.

f(z):eiaz2 _ eia(xz_y2+i2xy) _ op-2axy [cos(ax2 —ay2)+isin(aX2 —ayz)]

= u(x,y) +iv(xy)

u(x,y) = 2672® cos (ax2 —ay2) v(x,y) = 2729 sin(ax2 —ayz)
g_u = —4ay e *® cos (ax2 —ay2) — dax e %Y sin(ax2 —ay2)
X
N _ _gaxe 2 sin(ax2 —ay2) — 4ay e ®® cos (ax2 —ay2) _ o
oy oX
Similarly, Z—V = — gy—u so that f(z) satisfies the Cauchy-Riemann relations and is
X

therefore analytic.

Now show that f(z)— 0 as |z| — o for 0 < argz < /4.

- 20 _ 12657025
Let z=re'® = z2 = r2e'? = 12 \2 J-r2%\2 e""’where0§¢<g

(T

G -
Bute \2/=i sothat f(z)= e =e ¢ which - 0 as r=[z]— oo.

Note: this is true as long as e '? has areal part: ¢ < g i.e. 6 =argz > 0.

The appropriate contour C is pie-shaped with an angle 6 = n/4:

B
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The integral consists of three pieces:

§C exp(iazz)dz = fexp(iazz)dz + _T'exp(iazz)dz + Texp(iazz)dz
(0]

A B

A ®©
The first integral is j(cosaxz + isinaxz)dx ‘ ‘—> (cosax2 + isinaxz)dx
Z|—>©
0 0

The second integral vanishes as |z| - « because f(z) — 0 in this limit.

For the third integral, let z=pe'® and dz = e'®dp (at constant 6).
Along the line O - B, 6 = /4 and exp(iazz)z exp(i apze‘“’z)z exp(—apz).

Then, the integral is

0 . Q e
jexp(iazz)dz —gi™4 -Iexp(—apz)dp = (cosn/4 + isinn/4)- jexp(—apz)dp.
B B B

In the limit |z| — o, we have therefore

j?cexp(iazz)dz =0 > :fcosax2 dx + ioj:sinax2 dx + (% + %] : i)[exp(—apz)dp =0

)i

N |-

VR

1
=T
Va

Taking the real part and noting that _[exp (— apz)dp =
0

~r

3E

[0 0
we have _[cosaxzdx -
0

O ey 8

%- exp(—apz)dp = % v
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