PH505 MM Fall 2008

Problem Set #5

Solutions

1. RHB Problem 24.1
Note: Show, as suggested in the “Hints and Answers,” that f(z) = z exp z.

Im f(z) = v(x,y) = (ycosy + xsiny) expx

Cauchy-Riemann: ou _ov ou _ 0v

ox dy oy  ox
Take the partial derivatives of v:

Z—V = (siny + ycosy + xsiny)expx

X
ov :
oy - (cosy — ysiny + xcosy)expx
y
From the second Cauchy-Riemann relation u(x,y) = — IZ—\)/(dy. Thus
y y y
u(x,y)= —| [sinydy + [ycosydy +x[sinydy | expx

= — (~cosy + cosy + ysiny — xcosy) expx
u(x,y)= (~ysiny + xcosy) expx

Check:
Z—U = (cosy) expx + (~y siny +xcosy)expx
X
: oV
= (cosy — ysiny + xcosy)expx = oy
Now,

—h

~~
N

~
I

u(x,y)+iv(x,y)

[(-ysiny + xcosy) +i(ycosy + xsiny )] expx
= [y (=siny +icosy)+ x(cosy + isiny)]expx
= [iy(cosy +isiny)+ x(cosy +isiny)]expx

= (x+iy)expiy-expx = (x +iy)exp(x +iy)
=zexpz
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2. RHB Problem 24.5.

(@)

(b)

()

(d)

f(z)=(z - 2" = Flz)

This function is analytic at z =0 and at z = «.

f(z)_ (“_23)

22

This function has a double pole at z = 0 and a single pole at z = w. To
see that latter, let £ = 1/ z and note that f(1/&) = £ +1/&has a single
pole at £ = 0, so that f(z) has a single pole at «.

f(z) = sinh(1/2)

Atz =0,

. 1 ® (1/z7 n o =N
sinh(/z) = e —e™? =e¥* - 5 e'" = z(/ ) =y
z | |
e n=0 n- n=0 n.
This series does not terminate at a finite negative power of z, so z =0 is

an essential singularity.

Atz =, consider f(1/z) = f(¢) = e> — e which is analytic at & = 0.
Therefore, f(z) is analytic at z = «.

Atz =0, f(z) has a triple pole.
-n+3

o £—N ©
Atz = oo, consider f(1/z) = f(g) = g3 eV = §3'Z§ =ZF° . The
n=0 n! n=0 n!

series does not terminate at a negative power of , so £ = 0 is an essential
singularity and therefore z = « is also an essential singularity.
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1/2

T

Asz 0, f(z) > z%. We have seen in class that z'* has a branch
point atz=0.

&—1/2 &—1/2
Asg=1z - 0, ()= = &Y% Again, this function

[L+e2)"? T

has a branch point at £ = 0 and therefore z = « is also a branch point.
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