PH505 MM Fall 2008

Problem Set #4

Solutions

1. The electric field gradient tensor.

In nuclear magnetic resonance and related spectroscopies in solids, the nuclear
electric quadrupole interaction often plays an important role. The interaction
energy involves a tensor that describes the gradient of the electric field at a
lattice point. The field is produced by neighboring ionic charges. The field
gradient tensor is a second order tensor (3 x 3 matrix) whose elements are the

second partial derivatives of the electrostatic potential V = Y V(Fneighbor)at
neighbors

a lattice point:

Vi« Vi V
XX Xy Xz 82V 82V
Vo = |Vyx Vyy Vy, | where, forexample, V,, =—, V,y = etc.
OX ox oy
sz sz sz

(@) What does Laplace’s law imply about Tr V,?

a%/+a%/+a%
ox? 8y2 oz
(It is assumed that there are no charges at the point where the electric field gradient is
being evaluated.)

Laplace’s law: V2V = =Vyx +Vyy +V, =TrV, = 0.

(b) In a particular coordinate system, the field gradient tensor has the
following form for a certain crystal:

3a+b +3(a-b) 0

V, = % J3(a-b) a+3b 0
0 0 ~4(a+b)
Find the eigenvalues and corresponding eigenvectors in this coordinate

system.

Set up and solve the secular equation (taking into account the factor %4):
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3a+b-4r +/3(a—b) 0
JV3(a-b) a+3b-4x 0 -0
0 0 —4(a+b)-4n

—(4a+4b +40)3a+b—4r)a+3b—4L)+ (4a+4b +41)-3a-b)* =0
—(4a +4b + 4x)(3a2 +3b%+9ab + ab — 16A(a + b)+161° - 3a® — 3b® + 6ab): 0
—(4a + 4b + 4x)(16x2 ~ 16(a+ b + 16ab ): 0

—(a+b+x)(k2 ~(@a+bp + ab):O
The first factor gives the root A3 = —(a+b).

The remaining two eigenvalues are the roots of the quadratic:

,_(a+b)+|(@+bf -4ab _ (@+b)+y(a-b _(a+h)=(a-b)
2 2 2

Thus, A, =a and A, =Db.

To get the eigenvector for A, = a,

3a+b +3(a-b) 0 o o

1
" J3(a-b) a+3b 0 c, | =alc,
0 0 ~4@+b)/lcy C3

(3a+b-4a)c, + +/3(a-b)c, =0

1
—a—bc+\/§a—bc =0 = C, = —C
( )1 ( )2 2 \/§l
2 2 > 1 o, 4 - V3
Ci +C5; =C{ +=-C] =—C{ =1 = C,L = —
1 2 1 31 31 1 >
1 V3. 1.
X" =—e, +—¢e
2 1772

To get the eigenvector for A, = b,
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3a+b +/3(a-b) 0 C o
% J3(a-b) a+3b 0 c, | =b|c,
0 0 ~4@+b)/lcy C3

(3a+b—4b)c; + +/3(@a-b)c, =0
3a-b)c;+v3@-b)c, =0 = ¢, =-+3¢

1
cZ+ci=c?+3ci=4ct=1 = o ==
1. “
X2:——el+£e2
2 2

The sign of x? is chosen so that the matrix S (next section) takes the form of a rotation.
The eigenvector for A3 = —(a+b) is simply x3 = &;.

(c) Use your eigenvectors to construct the transformation matrix that
diagonalizes V, and verify by a similarity transformation that your matrix

works.
V31
* * * 2 2
The matrixis S =[xt x? x3| = % g 0

Then the similarity transformation is
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RIS NER
22 3a+b 3f@a-b) 0 2 2
s—1v25=1 148 0|+3@-b) a+3b 0 143 0
41 2 2 2 2
o 0 1| O 0 -4@+b))j o 0 1
Bl o leaib) B @) _@arntii@-n® o
2 2 2 2 2 2
LB ol aepBi@ian)t B i@ o
4] 2 2 2 2 2 2
0O 0 1 0 0 —4(a+b)
Basb)3+@a-b)®  —@asb) B i@_n3
4 4 4 4 0
3 1
-3 rara)y  —@-b)@ian)ld
V3 V3 1 3
_ 1 —(3a+b)T—(a—b)T (3a+b Z—(a—b)z 0
4 3
+(a—b)£+(a+3b)£ ~(a-b)7 +(@+3b)-
4 4 4
0 0 ~4(a+b)
da 0 0 a 0 o0
s—1v23=% 0 4b 0 =10 b 0
0 0 -4(a+b)) (0 0 —(a+b)

Thus, the similarity transformation diagonalizes the matrix and the diagonal elements
are the eigenvalues, as expected.

(d)

How is the coordinate system in which V; is diagonal related to the original
frame?

We can identify the transformation matrix with a rotation:
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W31
2 2 cos® sin® O
1 3 .
S = E 7 Ol =|-sin® cosH O
0 0 1 0 0 1
sinE)z——,cosa:E - 9p=_1=
2 6

Coordinate axes are rotated clockwise around the z-axis by 30°.
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2. RHB Problem 20.1

This problem was assigned in error. | apologize.
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