PH505 MM Fall 2008

Problem Set # 3

Solutions
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2. RHB Problem 8.16.

1 3 -1
The given matrixis A =| 3 4 -2 | and the secular equation for the eigenvalues is
-1 -2 2
1-» 3 -1
A-r=| 3 4-1 -2|=0
-1 -2 2-A
Evaluating the determinant by minors,
4-x =2 3 =2 3 4-A
A-nl = (1-2) - 3 -
-2 2-A -1 2-A -1 -2

= (1-1)(4-21)2-2)-4] - 3[3(2-2) - 2] - [-6 + (4-2)]

= @-2)p* -61 -6|=0

>

The first factor gives immediately A, = 1 while the quadratic gives

:6i\/36+24 =3i\/E

A
2 2

3
Check the eigenvalues: TrA=1+4+2=7=1+ (3 + \/E)+ (3 - \/E): M+ Ao + g

The eigenvector for A, = 1 is given by

1-1 3 -1)(¢ 0 3 -1\(¢
3 4-1 -2 |lc,|=/3 3 -2|c,|=0.
1 -2 2-1)lcs) |-1 -2 1 J(cy

3C2— C3:0

Multiplying out the first two rows of the matrix, .
3c; +3c,—-2¢c3 =0

. . 1 , .
Expressing ¢, and cz in terms of c;, we have c; = 3c; and ¢, = 503 = C,. Thus the eigenvector is

1 1
1 1 .
X~ =¢q| 1| = —=| 1| when normalized.
3 1 3

(Normalization is not required.)
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The eigenvector for 1, = 3 + /15 is given by

1-3-415 3 -1 c,) (-2-415 3 -1 V(¢
3 4-3-415 ~2 C, | = 3 1-415 -2 ||c,|=0
-1 -2 2-3-4/15 || c5 -1 -2 —1-415]lc;

Multiplying out the first two rows of the matrix,

—(2+\/E)cl+302—c3:0 . 7+2J_ __4+\/EC
3¢, + 1-+15)c, —2c, =0 54415 5 +415
5 +4/15
The eigenvector is x2 = ! 7 + 2415 | if normalized.
V180+46+15 | _4 _ /15
The eigenvector for A3 =3 — V15 is given by
1-3+415 3 -1 c,) (-2+415 3 -1 cy
3 4-3+4/15 ~2 c, | = 3 1+415 -2 |lc, |=0.
-1 -2 2-3+4/15 || c; -1 -2 -1+15(cq
Multiplying out the first two rows of the matrix,
—(Z—JE)cl+3c2—03:O L e T 2\/_ _4+J_
2 = = C1
3¢, + [L++15)c, —2c; =0 515 5 - 415
5 -415
The eigenvector is x3 = ! 7 — 2415 | if normalized.

\180-46+15 | _4 | fi5
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To verify orthogonality, look at the inner products (can neglect normalization factors):

1
<x2‘x1>:(5 +415 7+2J15 —4-415)1
3

=5 +415 + 7 + 2415 —12 = 3415 = 0

1
(x*[x}) =6 -+15 7-2J15 -4+415)1
3

=5-415 +7-2J15 =12 + 34/15 = 0
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