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Chapter 4

Hyp erbola Geometry

In which a 2-dimensionalnon-Euclidean geometry is constructed, which will
turn out to be identical with special relativity.

4.1 Trigonometry
The hyperbolic trig functions are usually de ned using the formulas

e +e

cosh = > 4.1)
. e e
sinh = 5 (4.2)
and then h
sin
h = 4.
tan osh (4.3)

and soon. We will discussan alternative de nition belon. The graphs of
thesefunctions are shown in Figure 4.1.
It is straightforward to verify from thesede nitions that

costt  sink® = 1 (4.4)
sinh( + ) = sinh cosh + cosh sinh (4.5)
cosh( + ) = cosh cosh + sinh sinh (4.6)

tanh + tanh

+
tanh( ) 1+ tanh tanh

(4.7)
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18 CHAPTER 4. HYPERBOLA GEOMETRY

L/

Figure 4.1: The graphsof cosh , sinh , and tanh , respectively.

g sinh

= h 4.8
g cos (4.8)
d :
q cosh = sinh (4.9)

Thesehyperbolic trig identities look very much like their ordinary trig coun-
terparts (exceptfor signs). This similarity derivesfrom the fact that

cosh cosf ) (4.10)
sinh isin(i ) (4.11)

4.2 Distance

We saw in the last chapter that Euclideandistanceis basedon the unit circle,
the set of points which are unit distancefrom the origin. Hyperbola geom-
etry is obtained simply by using a di erent distance function! Measurethe
\squared distance" of a point B = (x;y) from the origin using the de nition

2=x% y? (4.12)
Then the unit \circle" becomeshe unit hyperbola
x? y*=1 (4.13)

and we further restrict oursehesto the branch with x > 0. If B is a point on
this hyperbola, then we can de ne the hyperbolic angle betweenthe line
from the origin to B and the (positive) x-axis to be the Lorentzian length ?

INo, we haven't de ned this. In Euclidean geometry, the the length of a curve is
obtained by integrating ds along the curve, where ds? = dx? + dy?. In a similar way, the
Lorentzian length is obtained by integrating d , whered 2 = dx® dy?.
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Figure 4.2: The unit hyperbola. The point A hascoordinates(sinh ;cosh ),
and B = (cosh ;sinh ).

of the arc of the unit hyperbola betweenB and the point (1;0). We could
then de ne the hyperbolic trig functions to be the coordinates (x;y) of B,
that is

cosh
sinh

I
x

(4.14)
(4.15)

and a little work shows that this de nition is exactly the sameas the one
above. 2 This construction is shown in Figure 4.2, which alsoshows another
\unit" hyperbola, given by x> y2 = 1. By symmetry, the point A on
this hyperbola has coordinates (x;y) = (sinh ;cosh ). We will discussthe
importance of this hyerbola later.

Many of the featuresof the graphsshown in Figure 4.1 follow immediately
from this de nition of the hyperbolic trig functions in terms of coordinates
along the unit hyperbola. Sincethe minimum value of x on this hyperbola

2Usex? y?=1to compute

dx? dy?
2 2 _ w2 2 _ _
d d =dy A= y2+ 1

then take the squareroot of either expressionand integrate. (The integrals are hard.)
Finally, solve for x or y in terms of , yielding (4.1) or (4.2), respectively.
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5

Figure 4.3: A hyperbolic triangle with tanh = %.

is 1, we must have cosh 1. As approahes 1l ,x approathiesl andy
approades 1 , which agreeswith the asymptotic behavior of the graphsof
cosh andsinh |, respectively. Finally, sincethe hyperbola has asymptotes
y = X, weseethat jtanh | < 1, and that tanh must approach 1 as
approadies 1

So how do we measurethe distance betweentwo points? The \squared
distance" was de ned in (4.12), and can be positive, negative, or zero! We
adopt the following convention: Take the squae root of the absolutevalue
of the \squared distane". As we will seein the next chapter, it will also
be important to remenber whether the \squared distance" was positive or
negative, but this correspnds directly to whether the distance is \mostly
horizontal" or \mostly vertical".

4.3 Triangle Trig

We now recastordinary triangle trig into hyperbola geometry
Supposeyou know tanh = g and you wish to determine cosh . One
can of coursedo this algebraically using the idertit y

1
COSH = W (416)

But it is easierto draw any triangle cortaining an angle whosehyperbolic
tangert is g In this case,the obvious choicewould be the triangle shavn in
Figure 4.3, with sidesof 3 and 5.
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d sinhb

d coshb

Figure 4.4: A hyperbolic triangle in which the hypotenuseand oneangleare
known.

What is cosh ? Well, we rst needto work out the length of the
hypotenuse. The (hyperbolic) PythagoreanTheoremtells us that

5 3P= 2 (4.17)

so isclearly4. Takeagood look at this 3-4-5triangle of hyperbola geometry
which is shavn in Figure 4.3! But now that we know all the sidesof the
triangle, it is easyto seethat cosh = g

Trigonometry is not merely about ratios of sides,it is alsoabout projec-
tions. Another common use of triangle trig is to determine the sidesof a
triangle given the hypotenused and one angle . The answer, of course,is

that the sidesaredcosh and dsinh , asshaown in in Figure 4.4.

4.4 Rotations

By analogywith the Euclideancase,we de ne a hyperbolic rotation through

the relations ! _ I I
X _ cosh sinh x° (4.18)
y  sinh  cosh y° '

This correspndsto \rotating” both the x andy axesinto the rst quadran,
as showvn in Figure 4.2. While this may seempeculiar, it is easily veri ed
that the \distance" is invariant, that is,

2 2 @

X x® y® (4.19)

y

which follows immediately from the hyperbolic trig identity (4.4).
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4.5 Pro jections

We can ask the samequestionas we did for Euclidean geometry Consider
a rectangle of width 1 whosesidesare parallel to the unprimed axes. How
wide is it when measuredin the primed coordinates? It turns out that the
width of the box in the primed coordinate systemis lessthan 1. This is
length cortraction, to which we will return in the next chapter, along with
time dilation.

4.6 Addition Formulas

What is the slope of the line from the origin to the point A in Figure 4.2?
The equation of this line, the y®axis, is

X = ytanh (4.20)
Considernow a line with equation
x°= y°tanh (4.21)

What is its (unprimed) slope? Again, slopes don't add, but (hyperbolic)
anglesdo; the answer is that

X =ytanh( + ) (4.22)

which can be expressedn terms of the slopestanh andtanh using (4.7).
As discussedn more detail in the next chapter, this is the Einstein addition
formula!



Chapter 5

The Geometry of
Special Relativit y

In which it is shownthat special relativity is just hypertolic geometry.

5.1 Spacetime Diagrams

A brilliant aid in understanding special relativity is the Surveyor's parable
introduced by Taylor and Wheeler[1, 2]. Supposea town has daytime sur-
veyors, who determine North and East with a compasshighttime surveyors,
who usethe North Star. Thesenotions of coursedi er, sincemagneticnorth
is not the direction to the North Pole. Supposefurther that both groups
measurenorth/south distancesin miles and east/west distancesin meters,
with both being measuredfrom the town certer. How does one go about
comparingthe measuremets of the two groups?

With our knowledgeof Euclidean geometry we seehow to do this: Con-
vert milesto meters(or vice versa). Furthermore, distancescomputed with
the Pythagoreantheoremdo not depend on which group doesthe surveying.
Finally, it is easily seenthat \daytime coordinates" can be obtained from
\nighttime coordinates" by a simple rotation. The moral of this parable is
therefore:

1. Usethe sameunits.
2. The (squared) distane is invariant.

3. Dier ent framesare related by rotations.
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Applying that lessonto relativity, the rst thing to dois to measureboth
time and spacein the sameunits. How doesonemeasuredistancein seconds?
that's easy: simply multiply by c. Thus, sincec= 3 10° %, 1 secondof
distanceis just 3 10° m. * Note that this hasthe e ect of setting c = 1,
sincethe number of seconds(of distance) traveled by light in 1 second(of
time) is preciselyl.

Of course, it is also possibleto measuretime in meters: simply divide
by c. Thus, 1 meter of time is the time it takesfor light (in vacuum) to
travel 1 meter. Again, this hasthe e ect of setting c= 1.

5.2 Lorentz Transformations

The Lorentz transformation betweena frame (x; t) at rest and a frame (x%t9
moving to the right at speedv wasderivedin Chapter 2. The transformation
from the moving frame to the frame at rest is given by

x = (x%+ vt9 (5.1)

v
t = t0+ —xO 5.2
2X (5.2)

where L

= g—— (5.3)

1 Z

C

The key to converting this to hyperbola geometryis to measurespaceand
time in the sameunits by replacingt by ct. The transformation from the
moving frame, which we now denote (x% ct9, to the frame at rest, now de-
noted (Xx; ct), is given by

X (x°+ % ct9 (5.4)

ct = ct0+ Y xO (5.5)
c

which makesthe symmetry betweentheseequationsmuch more obvious.
We can simplify things still further. Introducethe rapidity  via ?

% = tanh (5.6)

LA similar unit of distanceis the lightyear, namely the distance traveled by light in 1
year, which would here be called simply a year of distance.
2WARNING: Someauthors use for ., not the rapidity.
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Figure 5.1: The Lorentz transformation betweenan obsener at rest and an
obsener moving at speed; = ctanh is showvn asa hyperbolic rotation. The
point A has coordinates (sinh ;cosh ), and B = (cosh ;sinh ). (Units
have beenchosensud that c= 1.)

Inserting this into the expressionfor we obtain

1 ! cosHf
- = t : = cosh (5.7)
1 tanh? coslH sinh?
and v
i tanh cosh = sinh (5.8)

Inserting theseidertities into the Lorentz transformations above brings them
to the remarkably simple form

x = x%osh + ct’sinh (5.9)
ct = x%inh + ct’cosh (5.10)

which in matrix form are just

x _ cosh sinh =~ x% (5.11)
ct  sinh  cosh ct® '

But (5.11) is just (4.18), with y = ct!



Chapter 6

Applications

6.1 Addition of Velocities

What is the rapidity ? Consideran obsener moving at speedv to the right.
This obsener's world line intersectsthe unit hyperbola

¢At? x?=1  (ct> 0) (6.1)
at the point A = (sinh ;cosh ); this line has\slope" ?
% = tanh (6.2)

asrequired. Thus, can be thought of asthe hypertolic angle betweenthe
ct-axis and the worldline of a moving object. As discussedn the preceding
chapter, turns out to be preciselythe distancefrom the axis as measured
along the hyperbola (in hyperbola geometry!). This was illustrated in Fig-
ure ??.

Considertherefore an object moving at speedu relative to an obsener
moving at speedv. Their rapidities are given by

= tanh (6.3)

= tanh (6.4)

Lt is not obvious whether \slope" should be de ned by = or by the reciprocal of
this expression. This is further complicated by the fact that both (x;ct) and (ct; x) are

commonly usedto denotethe coordinates of the point Al
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To determinethe resulting speedwith respectto an obsener at rest, simply
add the rapidities! One way to think of this is that you are adding the arc
lengthsalongthe hyperbola. Another is that you are following a (hyperbolic)
rotation through a (hyperbolic) angle (to get to the moving obsener's

frame) with a rotation through an angle . In any case,the resulting speed
w is given by

W tanh + tanh Uy v
— = h( + = = C c .
(o tanh( ) 1+ tanh tanh 1+ W (6.5)

2

whichis| nally | preciselythe Einstein addition formula!



