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4 Relativistic Electromagnetism

In which it 1s shown that electricity and magnetism can no more be separated
than space and time.

4.1 Magnetism from Electricity

Our starting point is the electric and magnetic fields of an infinite straight
wire, which are derived in most introductory textbooks on electrodynamics,
such as Griffiths [3], and which we state here without proof.
The electric field of an infinite straight wire with charge density A points
away from the wire with magnitude
Jop—. (96)

2megr

where 7 is the perpendicular distance from the wire and ¢; is the permittiv-
ity constant. The magnetic field of such a wire with current density / has
magnitude
pol
B=— 97
27r (97)
with r as above, and where pi is the permeability constant, which is related
to €y by
1
Eoho = g (98)
(The direction of the magnetic field is obtained as the cross product of the
direction of the current and the position vector from the wire to the point in
question.)
We will also need the Lorentz force law, which says that the force F' on a
test particle of charge ¢ and velocity ¥ is given by

F = +7 xB) (99)

where E and B denote the electric and magnetic fields (with magnitudes
and B, respectively).

Consider an infinite line charge, consisting of identical particles of charge
p, separated by a distance ¢. This gives an infinite wire with (average) charge
density

P
Xo="1 1
o=" (100)
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Suppose now that the charges are moving to the right with speed
u=c tanha (101)

Due to length contraction, the charge density seen by an observer at rest

creases to o

_t
cosh «

A= = Ao cosha (102)

Suppose now that there are positively charged particles moving to the
right, and equally but negatively charged particles moving to the left, each
with speed u. Consider further a test particle of charge ¢ situated a distance
r from the wire and moving with speed

v = ¢ tanh 3 (103)

to the right. Then the net charge density in the laboratory frame is 0, so
that there is no electrical force on the test particle in this frame. There is of
course a net current density, however, namely

I =X+ (=N)(—u) =2\ (104)

What does the test particle see? Switch to the rest frame of the test
particle; this makes the negative charges appear to move faster, with speed
u_ > u, and the positive charges move slower, with speed u, < u. The
relative speeds satisfy

% — tanh(a — 3) (105)
— = tanh(a+f) (106)

resulting in current densities
A+ = Acosh(a F ) = A(cosh a cosh 3 F sinh asinh 3) (107)

resulting in a total charge density of

)\/ — )\+ _ )\7 (108)
= —2)psinh asinh (109)
= —2)Xtanh asinh g (110)
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According to (96), this results in an electric field of magnitude

)\/
E = (111)
2me
which in turn leads to an electric force of magnitude
A
F' = qBF' =— g tanh a sinh 8 (112)
TeYT
AU
= — >~ qucosh 8 (113)
TEYCT
I
= — —57(;7“ qu cosh (3 (114)

To relate this to the force observed in the laboratory frame, we must
consider how force transforms under a Lorentz transformation. We have ©

7o (115)
ot
and of course also .
— P

F=— 116

But since in this case the force is perpendicular to the direction of motion,
we have

dp = dp’' (117)
and since dzx’ = 0 in the comoving frame we also have
dt = dt' cosh 3 (118)

Thus, in this case, the magnitudes are related by
F’ ,U()I

F = =— 119
cosh 3 27r v (119)

But this is just the Lorentz force law
F=¢5xB (120)

with B = |B| given by (97)!
We conclude that in the laboratory frame there is a magnetic force on the
test particle, which is just the electric force observed in the comoving frame!

6This is the traditional notion of force, which does not transform simply between frames.
As discussed briefly below, a possibly more useful notion of force is obtained by differen-
tiating with respect to proper time.
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4.2 Lorentz Transformations

We now investigate more general transformations of electric and magnetic
fields between different inertial frames. Our starting point is the electromag-
netic field of an infinite flat metal sheet, which is derived in most introductory
textbooks on electrodynamics, such as Griffiths [3], and which we state here
without proof.

The electric field of an infinite metal sheet with charge density o points
away from the sheet and has the constant magnitude

o
El=— 121
Bl = 5 (121)
The magnetic field of such a sheet with current density £ has constant mag-
nitude n
Bl =L (122)

and direction determined by the right-hand-rule.

Consider a capacitor consisting of 2 horizontal (z = constant) parallel
plates, with equal and opposite charge densities. For definiteness, take the
charge density on the bottom plate to be oy, and suppose that the charges
are at rest, that is, that the current density of each plate is zero. Then the
electric field is given by

Ey=Fj=2j (123)
€0
between the plates and vanishes elsewhere. Now let the capacitor move to
the left with velocity

U =—u?=—ctanha 7 (124)

Then the width of the plate is unchanged, but, just as for the line charge
(102), the length is Lorentz contracted, which decreases the area, and hence
increases the charge density. The charge density (on the bottom plate) is
therefore

o = opcosh a (125)

But there is now also a current density, which is given by
K=o (126)

on the lower plate. The top plate has charge density —o, so its current
density is —K. Then both the electric and magnetic fields vanish outside the
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plates, whereas inside the plates one has

E = pj="2j3 (127)
€0
B = B°k=—pyouk (128)

which can be rewritten using (124) and (125) in the form

EY = Eycosha (129)
B* = ¢Bysinha (130)

For later convenience, we have introduced in the last equation the quantity
1
BO = — o0 = —M060E0 = —g E() (131)

which does not correspond to the magnetic field when the plate is at rest —
which of course vanishes since 4 = 0.

The above discussion gives the electric and magnetic fields seen by an
observer at rest. What is seen by an observer moving to the right with
speed v = ctanh 37 To compute this, first use the velocity addition law to
compute the correct rapidity to insert in (130), which is simply the sum of
the rapidities a and !

The moving observer therefore sees an electric field E' and a magnetic
field B'. From (130), (131), and the hyperbolic trig formulas (5) and (6), we
have

E"Y = FEycosh(a+ 3)
= FEycosh acosh 8 + Ejsinh asinh 3
E, cosh o cosh 8 — ¢? By sinh arsinh 3
EY cosh 3 — c¢B*sinh (132)

and similarly

B” = ¢Bysinh(a + f)
= cBysinh acosh 8 + c¢Bj cosh asinh 3

1
= B?cosh 3 — - EYsinh 3 (133)
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Repeating the argument with the y and z axes interchanged (and being

careful about the orientation), we obtain the analogous formulas

E’* = FE?coshf3+ cBYsinh 3
1

B” = BYcoshf3+ — E?sinh 3
c

(134)
(135)

Finally, by considering motion perpendicular to the plates one can show [3]

E/;r — E;r

and by considering a solenoid one obtains [3]

B/;r — Bx

(136)

(137)

Equations (132)—(137) describe the behavior of the electric and magnetic
fields under Lorentz transformations. These equations can be nicely rewritten
in vector language by introducing the projections parallel and perpendicular
to the direction of motion of the observer, namely

and

We then have

and

q v-E
EH = 17’(711
. v-B
BH = 17’(7v
E, = E-E,
B, = B-B

= B

I = B

— ]_ —
B, = (Bl——zi;’xEl)coshﬁ
c

E’L = (EL—l—t_;’xBL)coshﬂ
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4.3 Vectors

In the previous section, we used 2-component vectors to describe spacetime,
with one component for time and the other for space. In the case of 3 spatial
dimensions, we use 4-component vectors, namely

20 ct

5 ! x
=1 2| = Y (146)

3 2

These are called contravariant vectors, and their indices are written “up-
stairs”, that is, as superscripts.

Just as before, Lorentz transformations are hyperbolic rotations, which
must now be written as 4 x 4 matrices. For instance, a “boost” in the x
direction now takes the form

ct cosh —sinhg 0 0 ct
2| | —sinhf  cosh 0 0 x
s o 0 10|y (147)
Z 0 0 0 1 z
A general Lorentz transformation can be written in the form
t = A", 2 (148)

where A#, are (the components of) the appropriate 4 x 4 matrix, and where
we have adopted the Finstein summation convention that repeated indices,
in this case v, are to be summed from 0 to 3. In matrix notation, this can
be written as

x' = Az (149)

Why are some indices up and others down? In relativity, both special and
general, it is essential to distinguish between 2 types of vectors. In addition
to contravariant vectors, there are also covariant vectors, often referred to
as dual vectors. The dual vector associated with z* is ”

—X —ct
T X
pr— P 1
Ly 2 y (150)
T3 z

7Some authors use different conventions.
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We won’t have much need for covariant vectors, but note that the invariance
of the interval can be nicely written as

= —A 2?4 y? 4 22
= o'z, (151)

(Don’t forget the summation convention!) In fact, this equation can be taken
as the definition of Lorentz transformations, and it is straightforward to
determine which matrices A¥, are allowed.

Taking the derivative with respect to proper time leads to the 4-velocity

_dat _ dat dt
o dr dt dr

u” (152)

It is often useful to divide these into space and time in the form

- (2) - () s

where ¥ is the unit vector in the direction of ¥. Note that the 4-velocity is a
unit vector in the sense that

— uut = —1 (154)

The 4-momentum is is simply the 4-velocity times the rest mess, that is

—— (%ﬁE) _ (mcv) _ ( mec cosh 3 ) (155)

P muoy v mcsinh 3

and note that
P = e’ (156)

which is equivalent to our earlier result

E? — p*c® = m?ct (157)

4.4 Tensors

Roughly speaking, tensors are like vectors, but with more components, and
hence more indices. We will only consider one particular case, namely rank
2 contravariant tensors, which have 2 “upstairs” indices. Such a tensor has
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components in a particular reference frame which make up a 4 x 4 matrix,
namely

TOO TOl T02 T03
TlO Tll T12 T13
T20 T21 T22 T23
T30 TSl T32 T33
How does T transform under Lorentz transformations? Well, it has two
indices, each of which must be transformed. This leads to a transformation
of the form

™ = (158)

T = NN TP = A, TN, (159)

where the second form (and the summation convention!) leads naturally to
the matrix equation
T = ATA' (160)

where ¢ denotes matrix transpose.
Further simplification occurs in the special case where T' is antisymmetric,
that is
T = -T" (161)

so that the components of T take the form

0 a b c

y —a 0 —e
e I (162)

—-c e —d 0

4.5 The Electromagnetic Field

Why have we done all this? Well, first of all, note that, due to antisymmetry,
T has precisely 6 independent components. Next, compute T”, using matrix
multiplication and the fundamental hyperbolic trig identity (4). As you
should check for yourself, the result is

T = (163)
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where

d = a (164)
b = bcosh 3 — fsinh 3 (165)
¢ = ccoshf+esinhf3 (166)
d = d (167)
¢ = ecosh B+ csinh 3 (168)
f' = fcoshf — bsinh 3 (169)

The first 3 of these are the transformation rule for the electric field, and the
remaining 3 are the transformation rule for the magnetic field!
We are thus led to introduce the electromagnetic field tensor, namely

0 lpe Llpy 1pz
—Llpe 0 B* —-BY

Y = ¢ 170
_lpy _p= 0 Be ( )

[

—1p= Bv _pB*

C

4.6 Maxwell’s equations
Maxwell’s equations in vacuum (and in MKS units) are

1

V-E = —p (171)
€o

V-B =0 (172)
- OB

E = - — 173
V x 5 (173)
. - OF
VxB = MOJ+M0€0 (174)

ot

where p is the charge density, J is the current density, and the constants
po and ¢ satisfy (98). Equation (171) is just Gauss’ Law, (173) is Fara-
day’s equation, and (174) is Ampere’s Law corrected for the case of a time-
dependent electric field. We also have the charge conservation equation

V.-J=-—2 (175)
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and the Lorentz force law

—

F =q(E+7% xB) (176)

The middle two of Maxwell equations are automatically solved by intro-
ducing the scalar potential ® and the vector potential A and defining

B = VxA (177)
. 0A -
E —— — Ve (178)

4.7 'Tensor Version of Maxwell’s Equations

Consider the following derivatives of F":

OF™  QFM  QFM  9FM  gFw
= + + +

oxV? ot ox oy 0z (179)

This corresponds to four different expressions, one for each value of . For
w =0, we get

10E* 10EY 10F* 1o =
0+ — + - + - :—V-Ezizcuop (180)
¢ Ox c dy ¢ 0z c ceo

where Gauss’ Law was used to get the final two equalities. Similarly, for

1 =1 we have
1 OF” oB* 0BY
— - — 181
2 ot 0 dy 0z (181)

and combining this with the expressions for 4 = 2 and pu = 3 yields the
left-hand-side of

1 OE . .

————+V XB = 182

62 at + Ko ( )

where the right-hand-side follows from Ampere’s Law. Combining these
equations, and introducing the J-current density

Jh = (f{) (183)
leads to o
o = pod" (184)
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which is equivalent to the two Maxwell equations with a physical source,
namely Gauss’ Law and Ampere’s Law.
Furthermore, taking the (4-dimensional!) divergence of the 4-current den-
sity leads to
aJr 9 OF"
Fogun = ozn v
since there is an implicit double sum over both p and v, and the derivatives
commute but F* is antisymmetric. (Check this by interchanging the order
of summation.) Working out the components of this equation, we have

—0 (185)

10J° oJt 0J* OJ3
Eat+8x+8y+8z =0 (186)

which is just the charge conservation equation (175).
What about the remaining equations? Introduce the dual tensor G*
obtained from F* by replacing <E by B and B by —+E, resulting in

0 B* BY B

_B* 0 _lpz lpy
G" = 1 ¢ “ (187)
—-BY - FE* 0 —- B
—-B* —lpv % E* 0
Then the four equations
oGH
= 188
or” (188)
correspond to
V-B = 0 (189)
10B 1o =
———-VxxE = 0 190
c ot ¢ % (190)
which are precisely the two remaining Maxwell equations.
Some further properties of these tensors are
1 5 1 -2 1
SFWF" = SB[+ Bf = —Gu G (191)
1 1o =
-G, " = ——FE-B 192
4 f c ( )
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where care must be taken with the signs of the components of the covariant
tensors £, and G,,. You may recognize these equations as corresponding
to important scalar invariants of the electromagnetic field.

Finally, it is possible to write solve the sourcefree Maxwell equations by

introducing a 4-potential )
=P
Al = (cﬂ ) (193)
A

and defining

_0AY  oAH
N 0r, Ox,
where again care must be taken with the signs of the components with “down-
stairs” indices. Furthermore, the Lorentz force law can be rewritten in the
form

P (194)

m —= unFNV (195)
or

Note the appearance of the proper time 7 in this equation. Just as in the
previous section, this is because differentiation with respect to 7 pulls through
a Lorentz transformation, which makes this a valid tensor equation, valid in
any inertial frame.
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