Capstones in Physics: Electromagnetism

5. WAVES

1. Plane Waves

A. Wave equations in uniform media
B. Linearly polarized monochromatic plane waves

2. Boundaries

A. Reflection and refraction
B. Fresnel equations

3. Absorption and Dispersion

A. Waves in conductors
B. Frequency dependent permittivity
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5.1. Plane Waves
5.1.A. WAVE EQUATIONS IN UNIFORM MEDIA

FARADAY B =uH, D =¢cE AMPERE
oH oE
V><E+UE=O V><H—8§=Jfree
curl
oH oE
Vx(V xE) + 4 Vx E= 0 Vx(VxH) — g€ Vx & = VxJfree

time derivative, rearrange

o E__ OH o OH_ OE o
o - H o “Tor & o T g vTree

substitute, rearrange

0’E 0 0*H
Vx(VxE) +ep P R UEJfree Vx(VxH) +ep o

= VxJfree

use identity Vx(VxA) = V(V-A) — V2A, rearrange

O0°E 0 0°H
V2E — ey —5 = = Jiree + V(V*E) V2H — ¢y 7= — VxJfreet V(V*H)

ot ot ot

evaluate divergences

82E 8 foree 82H

V2E — ¢p o =M anree + < V2H —¢gp o = — VxJfree
evalutate Jfiree=cE, curl from Faraday law
VZE 82E %_ vpfree VZH 82H %_
“E oM T ¢ e g T oM T
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5.1. B. LINEARLY POLARIZED MONOCHROMATIC PLANE WAVES

WAVE EQUATIONS WITHOUT SOURCES pfree = 0 and Jee = 0

CE _, v2n oy OH
o —EH 5

V2E —¢p =0

where gy = 1/ V2

In a linearly polarized monochromatic plane wave, E, H are the real
parts of position-dependent complex exponentials given by

E(r,ty=E,eilkr-ot), H(r, t) = H, eilker— o 1)
substitute in Maxwell egs: conclusion
VeE=0— k°E =0 = E is transverse, E 1k
VeB=0— k*H =0 = H is transverse, H Lk

oH
VE+ | E=O — k xE = ouH = E and H are orthogonal, E 1H

OE
VxH —¢ Il 0 >kxH =—eoE =  EandH are orthogonal, E LH

substitute E, H in wave equations: k ?= gy 0%, k(®) = o /&1

k 1 1
phase velocity vp = — = f in vacuum v, = ——— = ¢ : speed of light
@ EH V€M

index of refraction n = /&, 4, z\/;r e.g., n~= 1.5 for glass

B = ik><E = BO=£ Eo = Eo / vp, in vacuum Ej = cBy
w w
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ENERGY AND MOMENTUM IN EM WAVES

1 1
Energy per unit volume: ¥ = E(eEz +;82J

In the case of plane wave propagating in the z direction

B? =guE® = u =gk’ = ¢E; cos’ (kz — wt + 5)
Energy flux density (Poynting vector):
S=ExH= 2veE; cos’(kz—wt+35)=vu 2

Momentum density:

1
P=—2

A |
s=2—¢E;cos’(kz—awt+38)=—u?z
4 v Y

Time average over a complete cycle

1 1 . 1 R 1
<M>:55E02’ <S>:§V5Eg Z, and <P>=; Eg Z, since <C082>:5.

1
Intensity of EM wave is defined as I = (S) = EVEEOZ.
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5.2. Boundaries
5.2.A. REFLECTION AND REFRACTION
Plane boundary between media =

need Maxwell (wave) egs.

plus boundary conditions

far away from boundary:

Incident wave in medium 1: E;, Hy, k|
reflected wave in medium 1: ER, HR, kR
transmitted wave in medium 2: ET, H, kT
at the interface between media:

Exn continuous (Ampere's law)

Hxn continuous (Faraday's law)

medium 1 interface

ki = kr = k1 = n1ko ko = w/c
E(r,t) = Re(E| + ER) Exn continuous
H(r,t) = Re(H; + HR) Hxn continuous
E (r,t)=E e " at all times
E.(r,t) = Egye’ =™ " W, =0 =0r =0

match on interface (z = 0): Ej + ER= ET, H) + HR= HT

k,-r=kg-r=k,-r — ksing=kgsinbs = krsinfr

page 5.5

medium 2

medium 2

kT = k2 = n2ko
E(rt) = ReET
H(r,t) = ReHT

E.(rt)= Eroei(krr_wﬂ)

i. Plane of incidence: k; lies in the xz plane. = kgand kr in the xz plane.

ii. Law of reflection: k; sing, = ke sin6r , k; = ke = 0=0r

iii. Law of refraction (Snell’s law):

k;sing = kr sin&r, k; | kr = n4/ny, = | n4Sing, = n, Sinér
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5.2.B. FRESNEL EQUATIONS

Write components with respect to plane of incidence:
E=E)+E|, H= H|+H_: E|, H)|in the xz plane and E|, H] in the y direction

Boundary : Ex Z , H x Z continuous; note H = x kx E
o

medium 1

H
RO

medium 2

medium 2
10
ELl HJ| CASES E||l.HL
E(1)x z =E(2)x Z
Eio + ErRo = ET0 Ejocos01+ERrocos01=ET0c0s02
H(1)x Z=H(2)x Z
Hjocos01 — HrRocos01 = HTpcos02 Hio — Hro = Hto
Z = E/H = pc/n
C0S01 cos02
(Elo—Ero) 7~ =ET077, (Eio — ER0)Z1 = ET0122
solve
Erp = 2 cos01/Z1 £ Er = 2 Z2c0s01 £
TOL™ 06801/Z1+cos00/Z 10+ Tl = Zocoso+Z1cos0q — 0!

FRESNEL EQUATIONS

_ cos01/Z1—cos02/Z2 £ £ _ Z2c0s02—21c0s01
~ cos01/Z1+cos0o/Zy 0L ROI= Zocos09+Z1c0s01

EroL Eio)
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Components with respect to plane of incidence (p,=p,=p):
see "Fresnel Equations”

Eo i 2 N1C0S01 Ero = E 2 cos01/n2
TOL=EI0L > n1cosf1+n2cost2 TOI = =101 cos@1/n1+cos62/n2

£ = n1co0s01—n2cosH2 £ e cos02/n2—cos01/n1
ROL= EI0L > nicosei+ngcosty  —ROI = EI0I* cos04/n1+cosbaing
1 E/E, —:11 Ev/E

-0.5

perpendicular parallel
polarization polarization
/4
Er/E,
' n, =1.5 ny Brewster

Brewster angle:

ERro| changes sign
c0s01/n1=cos02/n2
= sinB1cos01 = sinB2cos02

= 01+02 = T11/2

n,/n,

orsin 91 =sin g = —2—_—
1+(n2/n1)2

—tanog =22
n
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5.3. Absorption and Dispersion
5.3.A. WAVES IN CONDUCTORS

linearly polarized plane wave =

E(r, t) = Eg eilkr-ot), H(r, t) = Hg eilksr-ot—0)
General Forms Good Conductors
V2E ’E % _ ti V2E % _ 0
—&d S —OoM wave equations —ou =
V2H oH H_ diffusi ti V2H H_
—8d 5 oM - iffusion equations — —op =
k'E =0,VeB=kH =0 transversality k'E =0, k*H =0
kx E =ouH EL1LH kx E =ouH
k2 = gpw2 + i s = (|k| e0)2 k(w)? k2 =jcuw, 0 =T1/4
k=k+ix k() k= %(M)
A= 2m/Rek =21/ k wavelength A = 2n\/2/odo
o= 1/Imk =1/ attenuation length ("skin depth") d =1\/2/ouc
Vp =olk phase velocity Vp =+20/Uc
n = v_Cp index of refraction n =c\lou2w
E E
Wave propagates in the z direction later
Re E(r,t) = Eg e=Z8¢cos(z/5 — ot)
H
Re H(rt) = H
% r r
o T
[m_pj Eo e~ Z5cos(z/56 — ot + 7 )

note 6 >>owu= H >>E
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5.3.B. FREQUENCY DEPENDENT PERMITTIVITY

Wave-matter interaction: time dependent polarization of damped oscillators
static charges +q a®
separation = x Sé
dipole moment = -gx=p %

. X k
reduced mass m, spring constant k
vibration frequency w, = Yk/m
electric field =E(t) = E, eiot _q E

forces on neqative charge:

electric force restoring force damping force
2

ot*
solution x(f) = xo et  —  mw2 xo = gEy + m w® Xo + imay
q 1 .
— Xp= —— - E, — dipole moment p =-gx
0 m a)g _ a)z —iyw 0 p p q
oscillators
volume

F=ma=m = _qE(t) — m(oozx — myax/ét,

— N — polarization density P = Np = y(®)eoE
Ng* 1
me, oy —@° —i7w

— () = electric susceptibility =

Ng*
— |n general SR((D) =1+ X( mi Z a) T 1y.@
0 J J J

Plane wave propagating in the z direction, E(z, t) = Eg ei(kz—ot)

with the complex wave number k(®) = k(o) + ix(®) = /(@) %

(i) absorption coefficient, a(w) =2« (ii) index of refraction, n(w) = & g

Mo e N et -o)

>
me.c “ ( 2 ) 2,57 dme. “~ ( 2 2) 2 2
of T o -0 +yie 07 @~ | +y0
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