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Capstones in Physics: Electromagnetism

6. RADIATION

1. Potential Formulation

2. Oscillating electric dipole
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6.1. POTENTIAL FORMULATION
6.1.A. SCALAR AND VECTOR POTENTIALS

electrostatics: 3 components of E not independent, VxE=0

only 1 function's worth of information, V(r) - E = - VVW(r)

electrodynamics: 6 comp's of E and B not independent,

two homogeneous equations without sources

VeB =0is ascalareq.; VxE = Y has 3 components

= 4 constraints on the 6 components of E and B,

= only 2 independent functions!

We look for a more efficient description, also with 4-vectors

How can we generalize the electrostatic potential V/(r)?

oB

We need an extra potential to obtain VxE = P since Vx(-VV(r))=0

Because VB =0,

there exists a vector function A suchthatB = Vx A,

O0A
then E =—-VV — — has the right curl,

ot
and also the right divergence since V « (VxA ) =0 for any A
0 1
oF = 2 — (V- A -
V *E = pleg = VoV + 8t( ) 80/0
1 OE 1 0°A 1 oV
- ——= VA-— -VIV-A+—— |=—u,J
v xB ¢’ ot hod = ( c’ 8t2j ( c’ at) Ho
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6.1.B. GAUGE TRANSFORMATIONS

Note: A is not unique: local gauge invariance

LetA’=A + Vf, thenVxA’=V x A = same B
of

AlsoletV'=V — 5 , = same E
For any scalar function f', the changes in V and A (gauge transformation)

will not affect the physical quantities E and B.

Coulomb Gauge: V * A = 0 = V=0

1
V2V = ——P = V(rt) = 1ne Ip(r t)d3r : determined by p(r,t) right now
0
azA 1 _(oV
V2A——— —ud +— V| S
o7 | T (at)

The scalar potential is particularly simple to calculate, but the vector
potential is particularly difficult to calculate.

L tz G |[VeA= Lo
orentz Gauge: =T 2 5
1 0V 1 82A
: VYV -5 =——p VA-L —1u,d
Maxwell's Eqgs. = 2 o g, 2 o | Mo

e 4-vector formalism

A and V form a 4-vector = A(r) = (A(r,t), V(r,t)/c), r = (r,cl)

0
d'Alembertian derivative = [ = (V,—C—atj

current J = (J, ¢cp) conserved = [l J =0

Lorentz Gauge = [1* A=0

Maxwell’'s Egs. = °A = —loJ
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6.2. OSCILLATING ELECTRIC DIPOLE

p(t) = po cos ot , po =Qos

complex notation:
p(f) = po exp iot

current / = % = ioQo expint

= lo expiot =/k?c p(t)
1 (T'=t=|r-R,|/c
py-— Ly QT =tolr-R;|/0)
dre, 5 r-R, |
_ Qo . ., elklr-s/2|
=50 @ Ulrmsiz (575}

Ar) =ALfJ_1c_>r [d3R J(R, T=t—|R-r|/cC)

VAN
IATAIRTAY;

AAAADA
INARRAE

LA AN
NARRAR

L, T=t-|r-L|/c)

|R—r|

Molo elo(t—|r-L|/c)

= Xﬁ [dL

L]
Holo e—iklr-L|

Js/Z dL
T 4T —s/2 II'—Ll

elot s/2 dL
41 |r—L|

—s/2

far away
S<<r

= |r=L| =\/r2—2rLcos0+L2 =r\/
iEcosﬁ
2

e

_ Q(t=r/c)

T 4mreor

V(r)
2r

_ Hol(t=r/c) s/2

short dipole

Kkl <<1 = V(=

Mol(t—r/c)
A= ""2mr
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6.3.A. OSCILLATING ELECTRIC DIPOLE FIELDS

see “Oscillating Electric Dipole”

AN
TRAVATATAY;

p(f) = po cos ot , po = Qos
complex notation: p(f) = po exp int

= dO/dt = ioQo exp iot ="g p(t)

S<AL<r >

r- 1 ot —ikr
V(r,t)z—pozlke ole7k

e AAANDAN
T TATAVRVATE

A(r, 1)~ —PV_jfgiie

drce,r /\ /\ /\ /\ [\ /\t
_ikpye e JVV VYV
drce, 1
OA
Electric field: E=-VV _5
—ikr —ikr —ikr —ikr
VIV V| & cos@]:f gl _f 5 jc05¢9+9[—e 5 )sin@
r r r r
—ikr 2 _
~ 7l —ikE—cosO :VV:?( k= pC r/c)cosﬁJ
r 4re, r
2
OA(r,1) A = — kp(t—r/c)
drg,r

Are,r r? dre,r Are,r

2 — A
:_{k p(t r/c)siné?}é?

4re,r

E(r.) = i [p(t—r/c)-r]r+k2p(t—r/c)= K {p_(p.;.),}

r
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Magnetic field: B=V xA

. iot _—ikr . iot —ikr
B(l‘,Z‘)ZVX(kaOe e j:_lkpoe xV[e ]

drcey, 1 drce, r
[ l-kpoeia)t y ;' _lk e—ikr ~ e—ikr
drce, r r
[ ikpoeia)t y ;; ~ lk e—ikr
drce, r
2 2
zl k= p(t r/c)xr:_lk p(t r/c)sin9¢
c dre,r r c  Angyr
®©B A&
E

in phase with, perp. to B, pattern moves outward with time

©2006 Oregon State University Philip J. Siemens (revised by Yun-Shik Lee)



Radiation page 6.7

ELECTRIC DIPOLE POWER

see “Electric Dipole Radiation”

1 kK rxp, .
— io(t—=r/c
B(rt) — 3 PR (t=r/c)
k2 (rrpo)r . .
_ io(t—r/c
E(rt) = Zreer Po—"2 ) efolt=r70)
1 k3po? Mo ©*po?
o o
Sav(r) = 20 ~ EoxHo = 3212¢e02 o2 r sin20 = 4T¢ gr2 r sin<0
Sav is always radial outward, ~ :—2 sin2 0 radiation field

RADIATED POWER

o4pa2 4
®*Po Mo @ Po
Pav=§ da*Say = 41'rc fdd)f"derZsme - n20= ame 3
« proportional to co4po - independent of r

an evocative formula

use po = IOS/O), o=ck = Pav = (kS) 2 Irm32 = Rrad Irm32

61'rc

SCATTERING OF LIGHT from small particles,

po ~ incident field, po?2 ~ intensity,

scattered power
incident intensity

~

= blue light scattered more than red

= blue sky, red sunset
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