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Capstones in Physics: Electromagnetism

1. ELECTROSTATICS

1.1. Electric Field

1.2. Electric Potential

1.3. Work and energy in Electrostatics

1.4. Conductors

(References to) "Introduction to Electrodynamics" by David J. Griffiths
3rd ed., Prentice-Hall, 1999. ISBN 0-13-805326-X
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1.1 Electric Field

Coulomb’s law

Force on a test charge Q due to a point charge q
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Gauss’s law

The flux through any surface enclosing charge Qenc is Qenc/<o.
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For any closed surface,

Divergence theorem: i;E da = J.(V ' E)dr

V

Qenc in terms of the charge density p : Qenc - der
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The Curl of E

Integral of E around a closed path is zero:
§E-dl =0 = VxE=0

Stokes’ theorem, §Edi = !(fo?)-d&

1.2 Electric potential

Because &E -dl =0 , the line integral of E from a to b is the same for all
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Because the line integral is independent of path, we can define a function

V(r)= _IOE -dl (electric potential).

O is some standard reference point, thus V depends only on the point r.

The differential version: £ =—-VV

Poisson’s equations and Laplace’s equations

E=-VV
o g, Poisson’s equation
VXE=0

In regions p=0, V¥V =0 : Laplace’s equation

Potential of a localized charge distribution

The potential of a point charge q :
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For a volume charge, V' (7) = Ip(,, )dr

4re,
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1.3 Work and energy in Electrostatics

ENERGY OF A CHARGE DISTRIBUTION

potential energy of distribution = energy required to assemble it
truct f ir potential energies Uy =
construct from pair potential energies Uj; = ATTeof
step energy
1. bring charge 1 0
2. bring charge 2 U12
3. bring charge 3 Utz + U3
4,5,....
total energy = U2+ UqstlUoz + ... Uotal = 2. Ujj
pairs
compare
Ups =5 23U, =3 X T =250, 3 = Sl
i Jj#i i J#i 472-80 ij J#i 472-80 ij 2 i

— generalization to continuous distribution has factor% ;

Uotal = 32 Jd3r p(nV(r) = 3 Jd3 [d3R 41reo|r—R)|

note this form doesn't work for idealized distributions,

including point charges: the energy integral diverges!
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ENERGY OF AN ELECTRIC FIELD

potential energy of a charge distribution = energy required to assembile it

(note: can only compute if finite!) see "energy of a charge distribution”
counting argument — Utotal = %fd3r p(r) V(r)

express p in terms of electric field E(r): p(r) =egVE(r)
€
substitute: Utotal = 70 JSd3r V(r) V<E(r)

vector identity: Ve(aA)=(Va)* A+ a(V-A)
substitute a—V, A —>E:

Utotal = 870 Jd3r {Ve[V(r) E(N]-E(r) *VV(n)]}
express VV in terms of electric field E(r): E(r) =-VV(r)

divergence theorem: IV d*r V-A(r) = JS dS <A(r)
substitute A —VE , apply to expression for Uigtg):
€o €o
Utotal = 7 JdS [V(r) E(r)] +7 fd3r [E(r) *E(r)]
first term — 0 when surface goes to « :
area ~ R2, but localized charges = E~ 1/R2, V~ 1/R

€
conclude Uiotgl = _[ d°r 5 E(r)2

but surely Utotal = _[d d*r (energy density)

energy density = % eo E(r)2
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1.4 Conductors

STATIC CONDUCTORS

Conductors have charges free to move.

In steady state, constant current = motion of charges
In static state, charges aren't moving = no forces =

E(r) = 0 everywhere inside static conductor

= » charge density p(r) =0
and « potential V(r) = constant
= charge density only on surface, o see "Surface charge"

Gauss' law = Eoputside — Einside = o/eo normal to surface

but Einside = 0, so

~

Eoutside = % n at surface of conductor

Pressure on a conductor due to electric field

consider surface charge on area dS Q =cdS
force due to other charges F = Q Eexternal
1
But Eexternal = Edue to surface charge = Eexternal = 5 E
1
pressure p = Fnormal/dS = p =0 Eext = 2 oE
G2 €0
pressure p = E =5 E2 on surface of conductor
oEpotential

alternately, F = — see "Electrostatic Forces"

dposition

Epot = % E2 xvol, move surface = 8vol =S xdposition
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CAPACITANCE
recall a conductor is an equipotential,

claim: potential V on an isolated conductor ~ its charge Q

VY = _P : : .
proof: T, Isa linear relation, determines V
0

definition: capacitance C =QV for isolated conductor

2 conductors with equal, opposite charges are a capacitor .

definition: capacitance C = |V2(—DV1| =AQV for pair of conductors
Q Q
energy stored by charging= [dQ V(Q)= fdQ QC
0 0
2
energy stored = g—c = % QV = % C V2

example: 2 large flat plates

area S, dielectric thickness d

assume charges +Q on plates T
this is free charge!

~5=QS = SRR I )
s
£~ Econd = o/z B
e d |
d_(f Q oS EOS
AV=—IdL-E=dE=8O =C =3y =dole, = d
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MIRROR IMAGES

Uniqueness theorem: The solution to Laplace’s equation in some volume is
uniquely determined if V is specified on the boundary surface S.

At a plane interface, the potential can be described by a trick:

simplest example:

point charge Q at (-D,0,0) "

conducting plane x =0

need to find induced charge
to make E 1 to plane

Potential for x<0 (V=0 for x>0)

1 1
V(x’y’Z): Q 2 2 2 B 2 2 2
Ame, | J(x+ D) +y* +2>  \J(x—D)* +y* +z

Field in midplane

EX(X_anIZ) - 2 4-|T80(D2+y2+22) \/D2+y2+22
rface charge densit = sof"h =550
surface charge density o(y,z) = eoE*n " 2m(D2+y2+72)312

Field on right = 0, field on left = EQ+Einduced
Q(R+Dx) . —Q(R-Dx)
4rieol(x+D)2+y2+22]3/12 7 Amreo[(x-D)2+y2+22]3/2

Eleft =

Note total induced charge = —Q (proof: Gauss' law applied to surface

enclosing all charges, field ~ 1/r3)
generally, superposition = mirror-image charge distribution

More complicated: image in surface of dielectric insulator
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Other geometry: can also find images for surfaces:

* spherical surface » cylindrical surface
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