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1. Derive the expression for the energy of the hydrogen atom levelsin astrong externd magnetic
field. Proceed asfollows:

0] If theapplied magndic field is "strong”, wha isit "strong” compared to? Can yougive a

numerical estimate?

Themagndic field applied to the electron mug be strong compared to any internd magndic
field present at the electron postion, arising in this case dueto the motion of the proton. Since
this field produces the spin-orbit correction, we want the Zeeman shift to dominae over the spin-
orbit. Thiswill depend onwhich levelswe are lodking at. For example, let'slookat n =2,

where the splitting we foundprevioulsy was about11 GHz.
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(i)  If theexternd field is strong we can ignore (for the moment) the spin-orbit and relativistic

effects. Condder theZeeman Hamiltonian 19 = % Bext(lpz + ZQ) as apeturbaion of the

Zeeman

field-free Hamiltonian (excluding S-O and relativistic terms), and calculate the correction to the

energy levels. (Why mug youusethe |n,/,m,,s,m,) basis?)

Withoutinduding S-O terms, the |n,!,m,,s,m,) basisis appropriate, so it should be used for the

perturbation expandon because the strong-field Zeeman Hamiltonian is diagond in this basis.

B
EO - _® B m"+2m")=S "Rt (m 42
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(iii) Now condder the spin orbit and relativistic effects as perturbaionsto thefield-free plus
Zeeman Hamiltonians and show tha these fine structure correctionsresult in:
me?! “ } 3 LA mm, &

= - I
T o2 +4n /0|(|+l)(|+1) (ﬁ_(atleastforstateswhere 0)

Thefinestructure energy in 1% order perturbaiontheory is
EQ —(nlmsms|(H’ +H )|n!m!sms)

Therelativistic correction dependsonn and! , noton j, so it doesn't matter which basis we use.
Theresult isaswe derived before

"met % 1 3"

EY = # :
T2 T ey anf)

For the spin-orbit term, we have to find the expectation value of

2
EY, =(nimsm |- O'Snimsn)

2

e T T e ae .
= m(n! m!sms|r—3(I9X§X +99 + I923)| n!'msm,)

Thefirst two terms are zero:(n'm sm,| 6.8 [n'm sm,) = 0 and likewise for they-component,

since they can bewritten as sums of raising and lowering opeaators. We

have(n! msmS|LrZ—SSZ|n! msm,) =mm,"*(n! msms|ri3|n! msm,), and theradial integral evaluates

1
(1))
Notice agan that for theradial integral, theresult dependsonly onn and! , so it doesn't matter
which basiswe are usng.

jugt asit did when we did spin-orbit coupling{n! m, sms|£3| nimsm,) =
r

Putting all thistogeher, we have:
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(iv) Draw an energy level diagram for the 2p states of hydrogen, showing howthe degeneracy is
lifted in the presence of a strongexternd field.

Thediagram bdow gives the exact Zeeman splitting (you don'thave to bethis detailed). Thisis
for thewesk-field regime E thex-axisistheapplied field inteda. Note thefollowing features.
The states split according to their j-values at zero field. Thej=3/2 states are highe in energy, the
j=1/2 are lower. In the presence of an applied field, the degeneracy islifted and theenergy
changes propottiond tothem value Notesthat there are 2 sets of thej=1/2 states Donefrom
then=2, ! =0, andonefromthen=2,! =1. Thedopeof thelineis different for thetwo sets.
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Hereisthediagram outto the high-field region. Note tha there are now 5 different states (the

ones approaching each other eventudly mergeinto each other at high field) corresponding to the
5 differentvaluesof m +2m,, (2,1,0,-1,-2) giving 5 different values
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Zeeman

ofEY = %(m +2m.). Thesituaioniscomplicated in theintermediate field region Dwe

need thefull machinery of degenerate perturbation theory to work outtheanswer.

-3 23996

-3. 3993
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-3.4002
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2. Next week

3. Theperturbed system lookslike this:

l-q)I:#VO 0<X<E
$0 ;<x<a v

0 are a

Time dependent perturbaion theory tells ustha the coefficient to bein anew state |2) after
startingin state |1) is:

E2 ! El

c,(t)= %#ZI Bi(t)|ne ¢ !

In this case, thematrix element is timeindgpendent and is given by

Solution for theexclusve use of ssudentsin PH451in Winter 2008©DO NOT DISTRIBUTE



PH451551: Winter 2008 Oregon State University, Department of Physics
Sobutionto Homework 9 Pageb of 6

a
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For thetime integral we gt
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Theunpeturbed well energies are:
2| 2|2
En:n. 3
2ma
y 322
= El:ZmaZ

Putting thistogehea we g
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