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1. Derive the expression for the energy of the hydrogen atom levels in a strong external magnetic 

field.  Proceed as follows:   

(i) If the applied magnetic field is "strong", what is it "strong" compared to?  Can you give a 

numerical estimate? 

The magnetic field applied to the electron must be strong compared to any internal magnetic 

field present at the electron position, arising in this case due to the motion of the proton.  Since 

this field produces the spin-orbit correction, we want the Zeeman shift to dominate over the spin-

orbit.  This will depend on which levels we are looking at.  For example, let's look at n = 2, 

where the splitting we found previoulsy was about 11 GHz. 

Ezeeman = µBBext >>11GHz (h)

µB = 1.4MHz/ Gauss(h)

! Bext >>
11GHz

µB

Bext >>
11GHz

1.4MHz/ G
Bext >> 8000G

Bext >> 0.8T

 

 

(ii) If the external field is strong, we can ignore (for the moment) the spin-orbit and relativistic 

effects.  Consider the Zeeman Hamiltonian öHZeeman =
e

2mc
Bext ( öLz + 2 öSz)  as a perturbation of the 

field-free Hamiltonian (excluding S-O and relativistic terms), and calculate the correction to the 

energy levels.  (Why must you use the 
 
n,!,m

!
,s,ms  basis?) 

Without including S-O terms, the  n,! ,m! ,s,ms
 basis is appropriate, so it should be used for the 

perturbation expansion because the strong-field Zeeman Hamiltonian is diagonal in this basis. 

 
 

EZeeman
(1) =

e
2mc

Bext (m! " + 2ms" ) =
e" Bext

2mc
(m! + 2ms)  
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(iii) Now consider the spin orbit and relativistic effects as perturbations to the field-free plus 

Zeeman Hamiltonians and show that these fine structure corrections result in: 

 
Efs =

mc2! 4

2n2

3
4n

"
! (! +1) " m! ms

! (! + 1
2)(! +1)

#

$
%

&

'
(

)
*
+

,+

-
.
+

/+
(at least for states where ! ! 0 ) 

The fine structure energy in 1st order perturbation theory is 

 
Efs

(1) = n!m! sms
öHrel + öHs! o( ) n!m! sms  

The relativistic correction depends on n and ! , not on j, so it doesn't matter which basis we use.  

The result is as we derived before 

 
! Erel

(1) =
" m2c2

2
# 4 1

n3(! + 1
2)

"
3

4n4

$

%
&

'

(
) . 

For the spin-orbit term, we have to find the expectation value of 

 

Es! o
(1) = n!m! sms

e2

2m2c2r 3

"öL "
"öS n!m! sms

=
e2

2m2c2 n!m! sms

1
r 3

öLx
öSx + öLy

öSy + öLz
öSz( ) n!m! sms

.   

The first two terms are zero: n!m! sms
öLx

öSx n!m! sms = 0  and likewise for the y-component, 

since they can be written as sums of raising and lowering operators.  We 

have
 
n!m! sms

L̂zŜz

r 3
n!m! sms = m! ms"

2 n!m! sms

1

r 3
n!m! sms , and the radial integral evaluates 

just as it did when we did spin-orbit coupling
 
n!m! sms

1
r 3 n!m! sms =

1
a0

3n3! ! + 1
2( ) ! +1( )

.  

Notice again that for the radial integral, the result depends only on n and ! , so it doesn't matter 

which basis we are using. 

Putting all this together, we have: 
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Efs
(1)
= Erel

(1)
+ Es! o

(1)
=

! m2c2

2
" 4 1

n3(! + 1
2)

!
3

4n4

#

$
%

&

'
( +

e2

2m2c2

msm!"
2

a0
3n3
! ! + 1

2( ) ! +1( )

=
! m2c2

2
" 4 1

n3(! + 1
2)

!
3

4n4

#

$
%

&

'
( +

mc2" 4

2
msm!

n3
! ! + 1

2( ) ! +1( )

=
m2c2

2
" 4 3

4n4 !
1

n3(! + 1
2)
+

msm!
n3
! ! + 1

2( ) ! +1( )

#

$
%

&

'
(

=
m2c2

2
" 4 3

4n4 !
! ! +1( ) ! msm!
n3
! ! + 1

2( ) ! +1( )

#

$
%

&

'
(

 

(iv)  Draw an energy level diagram for the 2p states of hydrogen, showing how the degeneracy is 

lifted in the presence of a strong external field. 

The diagram below gives the exact Zeeman splitting (you don't have to be this detailed).  This is 

for the weak-field regime É the x-axis is the applied field in tesla.  Note the following features.  

The states split according to their j-values at zero field.  The j=3/2 states are higher in energy, the 

j=1/2 are lower. In the presence of an applied field, the degeneracy is lifted and the energy 

changes  proportional to the mj value.  Notes that there are 2 sets of the j=1/2 states Ð one from 

the n=2,  ! = 0 , and one from the n=2, ! = 1.  The slope of the line is different for the two sets. 

Here is the diagram out to the high-field region.  Note that there are now 5 different states (the 

ones approaching each other eventually merge into each other at high field) corresponding to the 
5 different values of m! + 2ms , (2,1,0,-1,-2) giving 5 different values 
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of
 
EZeeman

(1) =
e! Bext

2mc
(m" + 2ms) .  The situation is complicated in the intermediate field region Ð we 

need the full machinery of degenerate perturbation theory to work out the answer. 

2. Next week 

 

3. The perturbed system looks like this:  

ö!H =
V0 0 < x < a

2

0 a
2 < x < a

"
#
$

 

 

 

 
Time dependent perturbation theory tells us that the coefficient to be in a new state 2  after 

starting in state 1  is : 

 
c2 t( ) =

1
i!

2 ö!H !t( ) 1 e
i
E2 " E1

!
!t
d !t

0

t

#  

In this case, the matrix element is time independent and is given by 
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2 ö!H !t( ) 1 = " 2(x) * ö!H " 1(x)dx
0

a

#

2 ö!H !t( ) 1 = " 2(x) * V0" 1(x)dx
0

a/2

# + " 2(x) * 0" 1(x)dx
a/2

a

#

2 ö!H !t( ) 1 =
2
a

V0 sin
2$x

a
sin

$x
a

dx
0

a/2

#

2 ö!H !t( ) 1 =
2
a

V0

asin $
2( )

2$
%

asin 3$
2( )

6$

&

'
(

)

*
+

2 ö!H !t( ) 1 =
4
3$

V0

 

For the time integral we get 

 

c2 t( ) =
1
i!

2 ö!H !t( ) 1 e
i
E2 " E1

!
!t
d !t

0

t

#

c2 t( ) =
1
i!

H21 ei$ 21 !t d !t
0

t

#

c2 t( ) =
1
i!

H21

ei$ 21 !t

i$ 21
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&
'

(
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c2 t( ) =
1
i!

H21

2
$ 21

e
i
$ 21

2
t
sin

$ 21

2
t

 

The unperturbed well energies are: 

 

En =
n2! 2! 2

2ma2

E2 " E1 =
3! 2! 2

2ma2

 

Putting this together we get 



PH451/551: Winter 2008 Oregon State University, Department of Physics 
Solution to Homework 9 Page 6 of 6 

Solution for the exclusive use of students in PH451 in Winter 2008 Ð DO NOT DISTRIBUTE 

  

P1! >2 T( ) = c2 T( ) 2
=

1
i!

H21

2
" 21

e
i
" 21

2
T

sin
" 21

2
T

2

P1! >2 T( ) =
1
!

4
3#

V0

2
" 21

sin
" 21

2
T

$

%
&

'

(
)

2

P1! >2 T( ) =
16ma2V0

9#3! 2 sin
3#2! T
4ma2

*

+,
-

./
$

%
&

'

(
)

2

P1! >2 T( ) =
28 m2a4V0

2

34#6! 4 sin2 3#2! T
4ma2

*

+,
-

./

 

 


