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1. We are to calculate the correctionsto the grourd state of the quantum harmonic oscillator due
to the perturbaion Cx’.

Thefirst order correctionto theenergy is zero because the perturbaion x° is odd and the energy
eigendates are either even or oddso that thar squaes are even. Thisistruefor al states.

EQ = (1 || )

$ $
e =1 PIoX]t )= 96 IR ()ox=COR T o 0x=0

EY=0

(Note tha theuppe index (in parentheses) labds the order of the correction; thelower index
labdsthe state.)

Thecorrectionto thewavefundionsis

1) — (0)
"n _#an! k
k" n

where
(] )
(1D Cx3‘! o)
Cok = E(()O) # EIEO)

Thislooksformidable, but in fact itisnot Use ladde opeators to make our life easy:

2m/

X = (a +a)

3
"1 of
! (aaa +aaataaa +taaataaa +aaa+aaa +aaa)

3 _ !
X _§2ml &

When we take the matrix elements haf of these will vanish sinceal! ;) = 0, so any term with an

arightmod vanishes. The aaa termisalso zero sinceit tries to lower the groundstate onthe
last ladde opeation. Thuswe are left with
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(k|x®|0) = §2 <k|(aaa +a aa +aaa)|0)

(K/x°|0) = 123 + VNIV, + VNV

A
(KIX°|0) =g f(ﬁ(k3+s(kl)

o | %
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(31°[0) = VB

Hence
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2. Thefirst order shiftis

EQ = (1 || )
We don®have handy opeators for this problem so we have to dointegrals. First we identify
wha the perturbaionis Bit'sthe difference between the actud potential and theinfinite squae

well potential:
) = V O<x<3$
$O f<Xx<a
Now we proceed with theintegration: Vi
0 ale a
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E® =(1 |19/ >= ()% H_(x)dx

al2

EW = #’ (X)* V! (X)dx+ #’ (x)* 0! (x)dx
al2

a/2

/<n$x 21a
EW =V, = #sz id ===
a22
gw =V
"2

Thisiswha you might expect.

b) Thesecondorde correctionis:

. 2
E®@ :$ _<! ”| I-(P1|" k>‘
" k#n Er(10) ! EIEO)
al2 2
%n(X)*VO.’ k(X)dX4
==

- 0) n 0
k#n E( ) EIE :

2% ngx . k&x |
2 Y a‘%
Er(lz) = (VO)2$ h2
k#n (nz " kz) .
8ma
asin(%) ) asm((r”k) )2
2 2&(n" k) 2&(n+ k)
E® = (Vo)2 8mza iz 2u 2
h a?y, (n?" K2)
for thegroundstate we get
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E® =1 (V0)2 8r2rh1a2 $ ( 126] )3!!!!!!!t!do simin Maple or Mathematica
i=(4j 11
8ma* " ?
E? =1 (VO)2 "2h2 16
rnaZ
=1 (VO)2 oh?
3.
(1-¢) 0 0
H!'V, O 1
0 e 2

a) Fortheunpeturbed case we have

11 0 0%
HO!voﬁo 1 og
"0 0 2%

with eigenvduesE; = V,, E, = V,, E; = 2V, and eigenvectors

1% I 0% I 0%

1 #o& | #1& | #o&
1)1 #o&, |2)1 #1&, |31 Hok
" 0% " 0% " 1%
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Notetha |1) and |2) are degenerate and |3) is nondegyenerate.

b) Theexact solutionisfoundby diagondizing thefull Hamiltonian

V(1 )t # 0o 0
0 V! # V" |=0
0 v, 2V,!

(V(2! )t A8V, ! #)(2v, ! #)! Vi"2&=0
)!

(V2! ")t #)=0( #=Vv,(1! ")
BV, ! #)(2V, ! #)! 2&=0 ( #1 #+(2! V=0

3\/01\/9v2| 4(21 "2)v2
2

V n n
ZEO%! N1+472 &)V, 8! &
#, =%§}g,+\/1+ 4"28) \V, 8+ &

E =V, (1! ")
V n n
E2=E°§3! JVi+4 208/3 VoLl "y

v,
E,= Eog3+ V1+472 %0\ 2+ 7 Y

Yosas V1 a8) Lgpe(1427)s

c) Now lookat theperturbaion of the nondgyenerate|3) state. First we need to writethe
perturbation Hamiltondn:
$'# 0 O
H!! Vogo 0 #

%0 #o%

e = el )

e = O] )=c

EP=0
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£ = g (n| H1[K)

" k#n Er(‘IO) " EIEO)
e [GPIK]_[a®inf o

CUMEPTEY EPUEY EPUEP

2
:(;2) = |0|2 + |%0|
2V,"V, 2V,"V,

E? = %V,

E =E”+E"+E?
E,=EQ+EY +EY
E,=2V,+0+!%,

E,=V,i2+!%§

which matches the solution foundin part (b).
d) Now look at the perturbaion of the degenerate|1) and |2) states. Here we need to

diagondize the perturbaion Hamiltonian within that 2x2 spece:

$"# 0 O
1=y & ) e -1 = $'# 0
HIZV,E0 0 A tHL Vg ©
% # 0f

Note tha this matrix is aready diagond, so eigenvdues are
I ="#,
1,=0

£ = E0 +ED =V, +(1 ")
£, = E9 +E0 =V, +(0)

E =V, (1! ")
E, =V,

These agree with answersin (b) to first order.
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