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1.  We are to calculate the corrections to the ground state of the quantum harmonic oscillator due 

to the perturbation Cx3.   

The first order correction to the energy is zero because the perturbation x3 is odd and the energy 

eigenstates are either even or odd so that their squares are even.  This is true for all states. 

En
(1) = ! n

0( ) ö"H ! n
0( )  

E0
(1) = ! 0

0( ) Cx3 ! 0
0( ) = " 0

* x( )Cx3" 0 x( )dx
#$

$

% = C x3 " 0 x( ) 2
dx

#$

$

% = 0  

E0
(1) = 0  

(Note that the upper index (in parentheses) labels the order of the correction; the lower index 

labels the state.) 

The correction to the wavefunctions is 

 ! n
(1) = cnk! k

(0)

k" n
#  

where 

 

cnk =
! k

0( ) "H ! n
0( )

En
(0) # Ek

(0)

c0k =
! k

0( ) Cx3 ! 0
0( )

E0
(0) # Ek

(0)

 

This looks formidable, but in fact it is not.  Use ladder operators to make our life easy: 

 

x =
!

2m!
a  + a( )

x3 =
!

2m!
"
#$

%
&'

3
2

a  + a( )3

x3 =
!

2m!
"
#$

%
&'

3
2

a  a  a  + a  a  a + a  aa  + a  aa+ aa  a  + aa  a + aaa  + aaa( )

 

When we take the matrix elements half of these will vanish sincea ! 0 = 0, so any term with an 

a rightmost vanishes.  The aaa   term is also zero since it tries to lower the ground state on the 

last ladder operation.  Thus we are left with 
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k x3 0 =
!

2m!
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&'

3
2

k a  a  a  + a  aa  + aa  a ( ) 0

k x3 0 =
!

2m!
"
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%
&'

3
2

1 2 3( k3 + 1 1 1( k1 + 1 2 2( k1( )
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!
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"
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%
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3
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6( k3 + 3( k1( )
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!
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"
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%
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3
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"
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%
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3
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Hence 

 

 

c01
(1) =

! 1 Cx3 ! 0

E0
(0) " E1

(0) = "
3C ! / 2m#( )3/2

! #

c03
(1) =

! 3 Cx3 ! 0

E0
(0) " E3

(0) = "
6C ! / 2m#( )3/2

3! #

 

Thus 

 
! 0
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! #
1 "

6C ! / 2m#( )3/2

3! #
3  

 
! 0
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2m# 2

!
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3 1 +
2
3

3
$

%
&

'

(
)  

 

2. The first order shift is 

En
(1) = ! n

0( ) ö"H ! n
0( )  

We donÕt have handy operators for this problem so we have to do integrals.  First we identify 

what the perturbation is Ð it's the difference between the actual potential and the infinite square 

well potential: 

ö!H =
V0 0 < x < a

2

0 a
2 < x < a

"
#
$

 

Now we proceed with the integration:  
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En
(1) = ! n

ö"H ! n = ! n(x) * ö"H ! n(x)dx
0

a

#

En
(1) = ! n(x) * V0! n(x)dx

0

a/2

# + ! n(x) * 0! n(x)dx
a/2

a

#

En
(1) = V0

2
a

sin2 n$x
a

%
&'

(
)*

dx
0

a/2

# = V0

2
a

1
2

a
2

 

En
(1) =

V0

2
 

This is what you might expect. 

 

b)  The second order correction is: 

En
(2) =

! n
öH1 ! k

2

En
(0) " Ek

(0)
k#n
$

En
(2) =

! n(x) * V0! k(x)dx
0

a/2

%
2

En
(0) " Ek

(0)
k#n
$

En
(2) = V0( )2

2
a

sin
n&x
a

sin
k&x
a

dx
0

a/2

%
2

n2 " k2( ) h2

8ma2
k#n
$

En
(2) = V0( )2 8ma2

h2

4
a2

asin n" k( )&
2( )

2&(n " k)
"

asin n+k( )&
2( )

2&(n + k)

2

n2 " k2( )k#n
$

 

for the ground state we get 
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E1
(2) = V0( )2 8ma2

h2

4
a2

asin 1! k( )"
2( )

2" (1! k)
!

asin 1+k( )"
2( )

2" (1+ k)

2

1! k2( )k#1
$

E1
(2) = V0( )2 8ma2

h2

4
a2

a2

4" 2

cos k"
2( )

(1! k)
!

cos k"
2( )

(1+ k)

2

1! k2( )k#1
$

E1
(2) = V0( )2 8ma2

h2

4
a2

a2

4" 2 cos k"
2( )( )2

2k
(k2 ! 1)

2

1! k2( )k#1
$

E1
(2) = ! V0( )2 8ma2

" 2h2 cos k"
2( )( )2 4k2

k2 ! 1( )3
k#1
$

E1
(2) = ! V0( )2 8ma2

" 2h2

16j 2

4 j 2 ! 1( )3
j =1
$ !!!!!!!!;!do sum in Maple or Mathematica

E1
(2) = ! V0( )2 8ma2

" 2h2

" 2

16

 

E1
(2) = ! V0( )2 ma2

2h2  

 

3. 

 

H ! V0

1! "( ) 0 0

0 1 "
0 " 2

#

$

%
%%

&

'

(
((

 

a) For the unperturbed case we have 

 

H0 ! V0

1 0 0

0 1 0

0 0 2

!

"

#
#

$

%

&
&

 

with eigenvalues E1 = V0, E2 = V0, E3 = 2V0 and eigenvectors 

 

1 !

1

0

0

!

"

#
#

$

%

&
&

, 2 !

0

1

0

!

"

#
#

$

%

&
&

, 3 !

0

0

1

!

"

#
#

$

%

&
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Note that 1  and 2  are degenerate and 3  is nondegenerate. 

b) The exact solution is found by diagonalizing the full Hamiltonian 

V0 1! "( ) ! # 0 0

0 V0 ! # V0"

0 V0" 2V0 ! #

= 0

V0 1! "( ) ! #( ) V0 ! #( ) 2V0 ! #( ) ! V0
2" 2$% &' = 0

V0 1! "( ) ! #( ) = 0 ( #1 = V0 1! "( )
V0 ! #( ) 2V0 ! #( ) ! " 2$% &' = 0 ( #2 ! 3V0# + 2 ! " 2( )V0

2 = 0

# =
3V0 ± 9V0

2 ! 4 2 ! " 2( )V0
2

2
=

V0

2
3± 1+ 4" 2$

%
&
' )

V0

2
3± 1+ 2" 2( )$% &'

#2 =
V0

2
3! 1+ 4" 2$

%
&
' ) V0 1! " 2$% &'

#3 =
V0

2
3+ 1+ 4" 2$

%
&
' ) V0 2 + " 2$% &'

 

E1 = V0 1! "( )

E2 =
V0

2
3! 1+ 4" 2#

$
%
&' V0 1! " 2#$ %&

E3 =
V0

2
3+ 1+ 4" 2#

$
%
&' V0 2 + " 2#$ %&

 

c) Now look at the perturbation of the nondegenerate 3  state.  First we need to write the 

perturbation Hamiltonain: 

 

!H ! V0

" # 0 0

0 0 #

0 # 0

$

%

&
&

'

(

)
)

 

En
(1) = ! n

0( ) ö"H ! n
0( )

E3
(1) = ! 3

0( ) ö"H ! 3
0( ) = 0

 

E3
(1) = 0  
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En
(2) =

n ö!H k
2

En
(0) " Ek

(0)
k#n
$

E3
(2) =

3 ö!H k
2

E3
(0) " Ek

(0)
k#n
$ =

3 ö!H 1
2

E3
(0) " E1

(0) +
3 ö!H 2

2

E3
(0) " E2

(0)

E3
(2) =

0 2

2V0 " V0

+
%V0

2

2V0 " V0

E3
(2) = %2V0

 

E
n
= E

n

(0)
+ E

n

(1)
+ E

n

(2)

E3 = E3
(0)

+ E3
(1)
+ E3

(2)

E3 = 2V0 + 0+ ! 2
V0

 

E3 = V0 2 + ! 2"# $% 

which matches the solution found in part (b). 

d) Now look at the perturbation of the degenerate 1  and 2  states.  Here we need to 

diagonalize the perturbation Hamiltonian within that 2x2 space: 

 

!H ! V0

" # 0 0

0 0 #

0 # 0

$

%

&
&

'

(

)
)
!!!* !! !H1,2 ! V0

" # 0

0 0
$

%&
'

()
 

Note that this matrix is already diagonal, so eigenvalues are 

! 1 = " #V0

! 2 = 0
 

E1 = E1
(0) + E1

(1) = V0 + ! "V0( )
E2 = E2

(0) + E2
(1) = V0 + 0( )

 

E1 = V0 1! "( )
E2 = V0

 

These agree with answers in (b) to first order. 

 


